Chapter 10

Binary Decision Diagrams
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Imagine an application in which large propositional forasibre reused over and over
again. For example, we can build other formulas from thesmditas using connectives
and check the new formulas for such properties as satisfyabil equivalence. To work
with such applications efficiently, one needs data strestuhich

(1) givea compact representatioof formulas, or the boolean functions represented by
the formulas;

(2) facilitateboolean operationsn formulas, for example, given representations of for-
mulasFi, ..., Fn, computing a representation of their conjunctien 1. [E};

(3) facilitatechecking properties of formulasuch as satisfiability or equivalence check-
ing.

In this chapter we introduce binary decision diagrams (BPRdata structure which
has many of these desired properties and is used in symboligeinchecking algorithms
discussed later in this book. There exists a close analogyelee BDDs and the trees
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134 10.1 Binary Decision Trees
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Figure 10.1: A splitting tree
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Figure 10.2: The corresponding binary decision tree, tyoagentations

obtained by the splitting algorithm on propositional fotesi In fact, BDDs can be con-
sidered as a data structure for a compact encoding of these. tiSatisfiability checking
for BDDs is trivial, but some boolean operations are difficalimplement. By imposing
ordering conditions on BDDs we obtain ordered BDDs, or sin(pBDDs: a special kind
of BDDs that allows for boolean functions to be implementéitiently.

10.1 Binary Decision Trees

Consider the tree obtained by applying the splitting atbanito the formuldq - p) -
(p -~ r) Lghiven in Figure 10.1. If we replacé_and Linlthe leaves of this tree kyand
0 respectively, replace all formulas in the internal nodegheyariable used for splitting at
this node, and label the arcs Byand1, we obtain the tree given in Figure 10.2.

This kind of tree is called &inary decision tree In the sequel we will depict binary
decision trees in a different more compact form, see thedrethe right of Figure 10.2.
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CHAPTER 10. BINARY DECISION DIAGRAMS 135

Figure 10.3: Evaluating a formula using its binary decidie®

We remove the label8, 1 from the arcs. Instead, the arcs labeledObgtre drawn using
dashed lines, while those labeled bysing solid lines. Leaves labeled bynd1 in D will
always be denoted respectively ] and [1]. Any internal node in a binary decision tree
represents a “decision” or a “test” on a particular variable

The binary decision tree of Figure 10.2 is obtained from thenila(q - p) Lrl-
(p - r) [gIWe can obtain the same binary decision tree by applyintfigglito some other
formulas, for example—=((q - p) Lr b (p - r) Lq)l Therefore, the same binary decision
tree can represent different formulas (in fact, any binagiglon tree represents an infinite
number of formulas), so the information about the syntaxhefformula is lost. Nonethe-
less, the binary decision tree contains the competeanticalinformation about the for-
mula. For example, to evaluate this formula in the integdreh {p = 0,q 3 0,r 5 1},
we follow the path from the root of this tree correspondinghi® decisiong = 0,q = 0,
andr = 1, and read off the value in the leaf, see Figure 10.3. This path is shown using
double lines.

DerINITION 10.1 (Binary Decision Tree) Ainary decision treds a treed such that

(1) the internal nodes af are labeled by variables;
(2) the leaves ofl are labeled by and1;

(3) every internal node id has exactly two children, the two arcs frahto the children
are labeled by (shown as a dashed line) and byshown as a solid line).

(4) nodes on every path thhave unique labels, i.e. every two different nodes on asingl
path are labeled by distinct variables. O

The last condition means the following: if a branch contartest on an variablp, then
this branch contains no further testsmn
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10.2 If-Then-Else Normal Form

10.2 If-Then-Else Normal Form

In this section we formally define the correspondence betvpeepositional formulas, or
boolean functions, on one hand, and binary decision treesh® other hand. To this
end, let us introduce the following abbreviation. For alinfollasF,, Fo, F3 we denote

by if F1 then F; else F3 the formula(F; - F,) [L(+#F; - F3). Alternatively, we can
considerif ... then ... else ... as a new ternary connective, see Exercise 10.10. First,
we show how one can convert an arbitrary propositional féarimio a binary decision tree
using formulas of special form built using ... then ... else ....

DEFINITION 10.2 (If-Then-Else Normal Form) The notion of formulaifsthen-else nor-
mal formis defined inductively as follows:

(1) Cand [ark formulas in if-then-else normal form;

(2) if F1, F, are formulas in if-then-else normal form not containing weences of a
variablep, thenif p then F; else F; is in if-then-else normal form too.

A formula G is said to be afif-then-else normal fornof a formulaF if G is equivalent to
F andG is in if-then-else normal form. O

For example,if p then [else L[islan if-then-else normal form of the formutsp.
The formulaif [fhen [else [islnot in if-then-else normal, since the “if-part” of
if ... then ... else ... must be an atom. An if-then-else normal form is not unigue, fo
example, bothf p then [Cel$e [Cand [ark if-then-else normal forms di._1

For every binary decision trdeand internal noda in it, denote byneg(n) the subtree
rooted at the dashed arc coming fromLikewise,pos (n) will denote the subtree rooted at
the solid arc. If the variable at the nodds p, thenneg(n) is the tree corresponding to the
decisionp = 0, while pos (n) is the tree corresponding to the decisprr 1.

DEFINITION 10.3 form(d)) Let d be a binary decision tree. For every naden b we
define inductively a propositional formuk, as follows.

@) 1fnis [0, thenFn & ifinis [@, thenF, € £

(2) If nis an internal node labeled by a variablehen
def .
Fn = if pthen Fyus(ny else Fregm)-

We denote byform(b) the formulaF,, wherer is the root ofh. We say thatl is abinary
decision tree for a formul# if F is equivalent tdorm(d). O
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if p then if q then if r then
else

else if r then

else

else if q then [
else if r then
else

J0 0000

Figure 10.4: Formul&orm (b) for the decision tree of Figure 10.2

EXAMPLE 10.4 Consider the binary decision treé®f Figure 10.2 on page 134. The for-
mulaform(d) for this decision tree is given in Figure 10.4. The binaryisiea treed is the
binary decision tree foform(d), but also for every formula equivalent to it, for example
for the formulas

@-p) - (p - r) Lgl

—lq — —l,

or any formula other equivalent to this formula. O

Definition 10.3 and Example 10.3 show that, in a way, binargisien trees represent
formulas in if-then-else normal form.

Let us show that every formula has an if-then-else normahfdntuitively, it is obvious
since the splitting algorithm applied to a formu#abuilds a binary decision tree fér, and
this binary decision tree is an if-then-else normal fornroHowever, let us a give a formal
proof. First, we need a simple lemma.

LEMMA 10.5 For every formulaF and atomp the formulasp - F andp - Fp'ja're
equivalent. Likewise, the formulag —~ F and-p - F,~ate equivalent.

PROOFE We prove only the first statement. LEbe any interpretation. IF [pl thenl [pl - F
andl [pl - F5320l (b ~ F) ~ (p ~ F,)-'Suppose now [l Thenl [pl .~ L sbby
Equivalent Replacement Lemma 3.8 we havé (b - F) -« (p - Fp'ﬁoo. In both cases we
havel [(p - F) ~ (p ~ F,O:'sop ~ F is equivalenttp - F,= O

COROLLARY 10.6 For all formulasF, G and variablep the formulaif p then F else G
is equivalent tdf p then F—else G~

PROOF We know thatif p then F else G is an abbreviation fo(p - F) [(%p - G). By
Lemma 10.5 this formula is equivalent@o - F,51(3p - Gl)thatis,if p then F —else G~
O

Time 9:40 draft February 7, 2008



138

10.2 If-Then-Else Normal Form

procedure bdt (F)
input: propositional formuld
output: a binary decision tree
parameters. functionselect _variable
begin

F : = simplify(F)

if F = Cfhen return (0]

if F = [Cfhen return

p : = select_variable(F)

return @
N
bt (F,5~ bdt (F,5

end

Figure 10.5: The algorithm for building a binary decisioaetr

Note that the formulas,—ahdG —have no occurrences pf so this corollary can directly
be used for building if-then-else normal forms.

THEOREM 10.7 Every formulaF has an if-then-else normal form.

PROOFE By induction on the number of variables WhenF has no occurrences of variables,
eitherF = [ and then[slan if-then-else normal form df; or F = [dnd then[Cislan
if-then-else normal form o .

Suppose now that some variableccursinF. Evidently,F is equivalenttaf p then F else F.
By Corollary 10.6,F is equivalent taf p then F—else F,~—The formulasm,~ahdF,—have a
smaller number of variables thah, so by the induction hypothesis they have if-then-else mbrm
formsF; andF,. But thenF is equivalent tdf p then F; else F». O

This proof shows that, in order to build a binary decisior ti@r a formulaF containing at
least one variable, we have to select a varighleF, build binary decision treey for Fp':
andb, for Fp‘%nd then build a binary tree havipgat the rootb; as the left subtree, and
b, as the right subtree. This process is, indeed, very sinuléne splitting algorithm used
for checking satisfiability of propositional formulas arehde summarized as follows.

ALGORITHM 10.8 (Binary Decision Tree Construction) An algorithm fasilding a bi-
nary decision tree from a propositional formias given in Figure 10.5. It is parametrized
by a functionselect_variable returning a variable occurring iR. The functionsimplify
simplifies formulas using the rewrite rules of Figure 4.5. O

Let us note some properties of binary decision trees.
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CHAPTER 10. BINARY DECISION DIAGRAMS 139

(1) In general, the size of a binary decision tree for a fomfuis exponential in the size
of F.

(2) Satisfiability and validity checking on binary decisitbaes can be done in time linear
in the size of the tree.

Indeed, given a binary decision tree for a formblawe can verify ifF is satisfiable by
simply inspecting all the leaf nodes of the tréeis satisfiable if and only if at least one of
them is[1]. Likewise,F is valid if and only if all leaves ifF are [1].

On a negative side, we have the following.

(1) Itis unclear how to implement equivalence checking igfitty.

(2) Itis unclear how to implement some boolean operatiamseXample, conjunction.

In addition, binary decision trees are not especially carhpa

10.3 Binary Decision Diagrams

Binary decision trees can be turned into more compact datatstes by eliminating two
obvious kinds of redundancies. To illustrate them, consilde rightmost subtree rooted
at the noder (“test” onr) in Figure 10.2 on page 134. The value of the formuld is
independently of these tests. Therefore, these testsicainalied, so that the whole subtree
is replaced byl. This pruning operation is calleglimination of redundant tests

Another kind of redundancy is due to repeated occurrencéisecame subtrees. We
can merge them into one subtree, thus obtaining a dag insteadree. For example, in
Figure 10.2 there are two identical subtrees rooted &this operation is calledherging
isomorphic subdagsBy eliminating redundant tests and merging isomorphicagb we
obtain a data structure known abiaary decision diagram

DerINITION 10.9 (BDD) A binary decision diagramor simply BDD is a rooted dagl
such thatd satisfies the properties of Definition 10.1 on page 135 plasdhiowing two
properties:

(5) for every noden, its left and right subdags are distinct;

(6) every pair of subdags af rooted at two different nodeas,;, n, are non-isomorphic.
O

These two conditions formalize the properties tthaontains no redundant tests and that
the isomorphic subdags dfare merged.

Given a binary decision diagradj the formulaform (d) is defined exactly as in Defini-
tion 10.3 for decision trees. We also say that a BDIS for a formulaF if F is equivalent
to form(d).
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10.3 Binary Decision Diagrams
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Figure 10.6: Transformation of a binary decision tree inBCD

There exists a straightforward algorithm for building a BEMDm a binary decision
tree. In order to satisfy conditions 5-6 of Definition 10.9 gam apply transformations to
eliminate redundancies corresponding to these conditibnese transformations are:

(1) elimination of redundant testsf there exists a noda such thatneg(n) andpos (n)
are the same dag, then remove this node, i.e., replace tliaguboted an by

neg(n);

(2) merging isomorphic subdag# the subdags rooted at two different nodesandn,
are isomorphic, then merge them into one, i.e., remove thdagurooted ah, and
replace all arcs tm, by arcs ton;.

ExAMPLE 10.10 Transformation of a binary decision tree into a BDDllisstrated in
Figure 10.6. In this figure, dafp) is obtained from(a) by merging isomorphic subdags
rooted atl. Dag(c) is obtained from(b) by removing a redundant test an Dag (d) is
obtained from(c) by merging isomorphic subdags rootedjatDag (e) is obtained from
(d) by removing a redundant test n Finally, dag(f) is obtained from(e) by merging
isomorphic subdags rooted hat O

By applying elimination of redundant tests and merging isgrhic subdags to a binary
decision tree in a bottom-up fashion, one can build a BDD fedbinary decision tree. One
can argue that finding isomorphic subdags is a hard problam.ca@n show that it is enough
to find isomorphic subdags of a very special form. Howeverwilienot do this, since we
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CHAPTER 10. BINARY DECISION DIAGRAMS 141

defined binary decision trees only for an illustration. Oas build a BDD directly from a
propositional formula, as we will show in the next section.
Let us note some properties of BDDs.

(1) In general, the size of a BDD for a formufais exponential in the size @.

(2) Satisfiable and validity checking on binary decisioresrean be done inonstant
time

Indeed, it is not hard to argue that the formélas unsatisfiable if and only if consists of
a single nodd0] . Likewise, A is valid if and only ifb consists of a single nodgL] .

Thus, BDDs have some advantages over binary decision tié@sever, some prob-
lems still remain, namely

(1) itis unclear how to implement equivalence checking effity;

(2) itis unclear how to implement some boolean operatiamsetample, conjunction.

10.4 Ordered BDDs

The shape and size of a BDD depend on the order of tests in fter&it orders can re-
sult in a drastic increase or decrease in size. When we bBIOR, the order of selecting
variables on different branches of a tree may be differanthis section we study ordered
BDDs in which the order is the same on all branches. When ttheras fixed in advance,
there is a unique ordered BDD corresponding to this ordevelhave several boolean func-
tions represented by ordered BDDs one can build, using evedlasimple algorithm, new
ordered BDDs representing various combinations of theséeha functions, for example,
their conjunction.

DEFINITION 10.11 (OBDD) Let= be a linear order on variables addbe a BDD. We say
that d respects>, if for every noden; labeled by a variabl@; and its childn, labeled
by a variablep, we havep; > p,. A BDD is calledordered or simply anOBDD, if it
respects some order. We call @BDD for a formulaF and order> any OBDD forF
which respects-. O

An example of a BDD which is not ordered in given in Figure 10lfis BDD contains a
nodeq havingr as a child, and also a noaehavingq as a child, but there is no order
such thay > r andr > q.

Our next task is to show that for every propositional formaland a linear order on
its variables, there exists a unique OBDD Forand=>.

LEMMA 10.12 Letp be a variable and~1, F,, G1, G» be formulas not containing. Then
(if p then F; else F,) = (if p then G; else Gy) if and only ifF; = G; andF, = G».
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142 10.4 Ordered BDDs

Figure 10.7: A BDD which is not ordered

PROOFE ( ) Slipposef p then F; else F, = if p then G; else G,. We will proveF; = G; (the
proof of F, = G, is analogous). We have to show tliatandG; have the same models. Take an
arbitrary model of F;. Definel “by

. fpe
def 4), "p&sgd;
') = 1, if p=gq.

Sincep does not occur irF; and | @agrees withl on all variables different fronp, we have
I” H,. Sincel™ [P and 1™ F,, we also havd™ [if p then F; else F,. This and
(if p then Fy else F,) = (if p then G; else G,) implies I” [if p then G; else G,.
From this and “ [qlit follows that1 ®[CQ;. Sincep does not occur iG;, we havel [Q;. So we
proved that every model ¢f; is a model ofG;. The proof that every model @3, is a model of~;

is symmetric.
( O Shippose thaE, = G; andF, = G,. Then by Equivalent Replacement Theorem 3.9 we
have(if p then F1 else F,) = (if p then G; else Gy). U

This lemma implies that, when the order on variables is fiesdyy formula has a unique
OBDD. In the rest of this chapter we assume thats a fixed order on variablesnstead
of saying “OBDD forF and=>" we will simply say“OBDD for F” .

THEOREM 10.13 (Canonicity of OBDDs) etd,, d, be two OBBDs for a formul&. Then
d1 is isomorphic tad,.

PROOEFE By induction on the number of all variables occurringin When the number is 0, that is
F have no variables, then either= [CadF = [ W/e consider only the first case, the second one
is similar. We claim thaf1] is the only OBBD forF. Suppose, by contradiction, that there exists
another OBDDM for F . Evidently,d cannot contairl0] . But thend must contain a node of the form

®

/

/
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CHAPTER 10. BINARY DECISION DIAGRAMS 143

and hence contain a redundant test. Contradiction.

Assume now thaF contains at least one variable. Lgtbe the maximal (w.r.t>) vari-
able occurring inF. Evidently, F = (if p then F else F). By Lemma 10.5 we obtain
F = (if p then F,~else F")-'"Consider two cases:

(Case:F,—= F-)In this case Fronk = (if p then F—else F )t follows thatF = F5
soF has the same OBDDs &'~-But by the induction hypothesig,~has a unique OBDD.

(Case:F,—& F,-)We claim that in this case every OBDdfor F hasp in the root. Denote
form(d) by G, thenF = G. Since the root ofl does not have, thenG does not contaip.
SinceF = G, we also hav€if p then F else F) = (if p then G else G). By Lemma 10.5
this implies(if p then F,~else F )= (if p then G else G). By Lemma 10.12 we have
Fp—= G andF,—= G, soF,~= FShich contradicts to the case assumption. This implies
that every OBDD foi= hasp in the root. Take any two OBDDs fdé¥. They have the form

/S:z\ /S:z\

dl d2 E] L

ThenF = (if p then form(d,) else form(d;)) andF = (if p then form(ty) else form(ty)).
By Lemma 10.12 this impliekorm(d,) = form(tz) andform(d;) = form(t1). The induc-
tion hypothesis yields thak is isomorphic tat; andd; is isomorphic tat;. But then the two
OBDDs forF are isomorphic too. O

Note that equivalent formulas have the same BDDs, so thr¢ine implies that OBBDs
give a canonical representation of formulas up to equivador of boolean functions com-
puted by these formulas). This means that two formulas aneagnt if and only if they
have isomorphic OBDDs.

The proof of this theorem gives us an algorithm for finding@®&DD for a formulaF .
Before defining this algorithm, let us make a few commentsuabtgorithms on OBDDs
in general.

First, all algorithms working on OBDDs build OBDDs bottom-uTlhis makes it easier
to share isomorphic subdags and discover redundant tdgsswill be clear when we define
a procedure for integrating a node in a dag.

Second, when an OBDD-based algorithm works with several D8Bimultaneously,
these OBDDs are integrated irgbobal dagD which stores several OBDDs. This dag may
not be an OBDD, because it is not necessarily rooted. In toisafjdag, all isomorphic
subdags are shared, i.e., every subdag hasigue occurrencen D. This assumption
facilitates integration of new dags [D. In particular, there exists only one occurrence of
(0] and only one occurrence df] in the global dag. For example, suppose that we are
dealing with two formulap [glandp - . Then the global dag will contain OBDDs for
both formulas, see Figure 10.8.rfis a hode in the global dag, then the dag rootadiatan
OBBD . If dis an OBDD for a formuld, we say thah representsl. For example, in the
global dag of Figure 10.8 the node rootedjatpresents the formuid g then [elbe [
and also any formula equivalent to it, for instangeyVe assume that the global dag always
contains both0] and [1] .
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144 10.4 Ordered BDDs

q plgl p-q

Figure 10.8: Two OBDDs and a global dag containing both afrthe

procedure integrate (n1, p, N2, D)
parameters: global dagD
input: nodesny, n, in D representing formulaB1, F», variablep
output: noden in (modified)D representingf p then Fy else Fy
begin

if n; = ny then return nq;

if D contains a noda having the form/@

ny 2
thenreturn n;
add toD a new noden of the form/@?
ni’ 2
return n
end

Figure 10.9: An algorithm for integrating a node into a dag

Let us introduce a helpful definition. Letbe a node in the global ddg. We say that
n represents a formul& in D if the subdag oD rooted ain is a BDD forF.

Let us define a procedulietegrate which integrates a new OBDD in the global dag
D. This procedure will be used in all OBDD algorithms. It isgjivin Figure 10.9. The
procedurdntegrate first tries to check whether the OBDD to be built is alreadyuded in
the dag, and returns the root of this OBDD if it is. Otherwisbuilds a new node. Note that
this procedure can be implemented by building a map comigiiantries(p, n1,n2) B n
such that the da@® contains a node labeledp and havingn; andn, as the children. If
this map is implemented using a hash table, timtegrate works in constant time.

ALGORITHM 10.14 (OBDD construction) The algorithm for building the DB for a a

propositional formula is given in Figure 10.10. The functiomax _variable (F) returns
the maximal w.r.t> variable occurring ir-. The functionsimplify simplifies the formula
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CHAPTER 10. BINARY DECISION DIAGRAMS 145

procedure obdd (F)

input: propositional formuld

parameters. global dagD

output: a noden in (modified)D which representf

begin

F : = simplify(F)

if F = Cihen return (O]
if F = [Cfhen return
p : = max_variable(F)
n; := obdd(F,H)

ny : = obdd(F,H)
return integrate (n, p, N2, D)
end

Figure 10.10: An algorithm for building an OBDD

using the rewrite rules of Figure 4.5. O

ExAmMPLE 10.15 We illustrate this algorithm on the input formita -~ p) Crl- (p -
r) Cgby giving a sequence of snapshots showing the global daghéeinediate steps of
the computation. Each snapshot is put in a box. For conveajemapshots are enumerated,
their numbers are shown in the lower right corner.

We assume the initial global dag shown in snapshot (1) belalls of the algorithm on
a formulaF are denoted bgbdd (F). To save space, we simplify as soon as it contains
occurrences ofl_ad [L1f obdd calls max _variable(p), then we pufp in a dashed circle,
see snapshot (2). This dashed circle can become a part ch¢ghevtienintegrate will be
called on results of the corresponding recursive calls.

We assume the ordgr > g > r, so the procedure first makes a decisionporsee
snapshot (2). After substitutioh far p and simplification we obtain the formuteg Crl-

—ﬂ’m

obdd ((q - p) [X1- (p - r) Cq) t/E) (@ - p) - (p - 1)

obdd(~q [F- -r g @ (P
/

[0] (1) [0] )
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10.4 Ordered BDDs

In snapshots (3) and (4) the procedure makes two more reewsalls, making decisions
ong andr. Whenr = 0, the formula-r is simplified to [, sb the procedure returrid] .

</E> (@ - p) CO- (p & 1) [

(3)

(P) @~ p) L= (p - 1) Lgd

-r Cg (9
/

-~

(4)

In snapshot (5) both branches of the algorithm return nodd3,iso the algorithm calls
integrate The result is shown in snapshot (6): the integration retliareexisting node.

</E> (@ - p) CO- (p & r) O

(5)

(P) @~ p) L= (p - 1) Ll

-r Cg (9

(6)

In snapshot (7)ntegrate has been applied again, this time resulting in a new mcadded

to the global dag.

<E\> (@ - p) CO- (p & 1) O

0] @)

(E\) @ - p) CA- (p - 1) [

\

\

obdd(r - r L))

(8)

In snapshot (9pbdd is again called on the formular, so the next few snapshots are

analogous to those starting with snapshot (3).
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(P) (@ - p) CEJ= (p - ) L

(E\) (q - p) - (p - r) L]

(11)

(12)

In snapshot (13) and (14) the formulas r [CIlislsimplified intor - r.

<E\> (@ - p) 0= (p & 1) O

r - r gl
%

|
obdd(r - r)

(13)

(E\) @ - p) CE- (p - 1) [l

(14)

Snapshot (15) contains a redundant testrpro integrate simply returns the nodél],
thus eliminating the redundant test. In snapshot (16) we t@aapplyintegrate. It simply

returns the existing nodg

Time 9:40
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148 10.5 Composing OBDDs

<E\>(q~p)III~(p~r)I1I (E\)(qap)lile(p«»r)lil

(15) (16)

/
The last application ointegrate in snapshot (17) discovérs a redundant test. The resulting
global dag, including the nodgretyfned by the proceduré, is given in snapshot (18).
/ \

/ \
/ \

@~ p) CO-/(p - 1) [ N

\

(18)

It is not hard to argue that the following theorem holds.

THEOREM 10.16 obdd (F) returns a noden that represents- in D. The dag rooted a
is the OBDD forF. 0

Suppose that we have a global dag storing several OBDDshdfuguppose that the
dag contains nodas; representing a formulk; andn, representing a formulg,. If F;
andF, are equivalent, then the OBDD rootedratis isomorphic to the OBDD rooted at
Nn,. Since in the global dag isomorphic OBDDs are shamgd;oincides withn,. Likewise,
if n; andn; are different nodes, thdf, is not equivalent té-,. This means that, if we use
the global dagequivalence checking on OBDDs can be done in constant tahecking
equivalence amounts to checking equality of two pointers.

10.5 Composing OBDDs

OBDDs are also convenient for composing boolean functionghis section we discuss
algorithms for composing propositional formulas représeriy OBDDs.

Let us first formalize what it means to compose boolean fonstin terms of proposi-
tional formulas which represent these boolean functionpp8se that we hava boolean
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functions of the same variables, . . ., pn. Denote byp the vectompy, ..., pn. Suppose that
the functions arg1(p), . .., gm(p). We have a functiof (qs, . . . , gm) which represents the
composition. For exampt&(qs, ..., gm) can be the conjunctioqy [_1. [gd,. Then their
composition using is defined as the boolean functibg, (p), . . . , gm(p)) of the variables
p. When the boolean functions are represented by formulassithation in quite similar.
There is a formuld (g1, .. ., gm) of variabless, . . ., gm Which represents the composition
functionf, and formulag=4, ..., Fy, of variablesp representing the functionsg, ..., gm.
The composition is represented by the formEléF,, ..., Fn), i.e., the formula obtained
fromF (qq,...,0m) by substituting the formulaBy, .. ., Fy, for the variableg)y, ..., gm.
Assuming that the formulasy, .. ., Fy are represented by OBDDs, how can we build
an OBDD forF(F4,...,Fm)? To do this, one can use an interesting property of the if-
then-else formulas expressed by the following lemma.

LEMMA 10.17 We have

F ( if p then F; else By,

if pthen Fyelse By) =
if pthen F(F4,...,Fp) else F(By,...,Bn). O

This lemma gives us a way for defining a generic algorithm topose OBDDs.

ALGORITHM 10.18 (Composition of OBDDs) An algorithm for composing OB®is given

in Figure 10.11. In this algorithrD is a global dag which satisfies all conditions 1-6 of
the definition of BDDs and which contains OBDMs, ...,dy as subdags. The func-

tion simplify simplifies the formula using the rewrite rules of Figure 4B the function

max _variable(ny, ..., nym) returns the maximal variable occurring in the OBDDs rooted
atng,...,Nm. 0
THEOREM 10.19 Suppose thaFy,...,Fy are formulas andhy, ..., ny, are nodes rep-
resenting these formulas i@. Thencompose (F,q1,...,0m,N1,..., Nm) returns a node
that represent$ (F1,...,Fm). O

10.6 Composition Algorithmsfor Standard Boolean Functions

For some standard boolean functions the composition ditgorcan be simplified. For an
illustration, suppose thd (q1,...,0m) is gy 1. Cgh, i.e., we would like to derive a
special algorithm for computing an OBDD representing audlisjion of formulas. Then, if
anyq;j is Cwle have to compute the OBDD for 1. [Caqilq [qgd-; 1 Cgd,. Ifanyqg;is
[, fAen the result is always the nodlH . In addition, a disjunction of a single formuia is
simply g1. These considerations result in an algorithm given in Fidi#.12, which can be
considered as a specialization of the general compositgoritom. In a similar way one
can derive an algorithm for computing conjunction, see Eizer10.9.
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procedure compose (F,d1,...,qm, N1,...,Nm)
parameters: global dagD
input: propositional formuld (qy, ..., qm) of variablesqy, ..., gm
"~ nodesny,...,Nnm representing formulasy, ..., Fm in D
output: a noden representing- (F1, ..., Fm) in (modified) D
begin

F : = simplify(F)

if F = Cfhen return (O]

if F = [Cfhen return

if somen;j is [0] then

return compose (Fy; 561, - - -, Gi—1, Qi+15 - - - Gm; N1,y -+, Nie1, N1, - -, Nim)
if somen; is [1] then

return compose (Fy—th, ..., di—1, Gi+1, - -, Gm, N1, -+, Ni=1, Ni1, - -, Nm)
p : = max_variable(n,...,nm)

foralli=1...m
if nj is labeled byp
then (li, ri) : = (neg(ni), pos(ni))
ese(li,ri) = (ni,ni)
ki : = compose(F,q1,...,0m,l1, ..., Im)

ko : = compose(F,q1,...,0m,¥F1,---,Fm)
return integrate (ky, p, ko, D)
end

Figure 10.11: An algorithm for composing OBDDs

10.7 Variationson OBDDs

Negation, equations etc.

Exercises

EXERCISE10.1 Compute the OBDD for each of the following formulas ameldrdems > p, >
P1:

p1 Cpd - p2 [pd;
=(p1 [pd) - (p1 [PI). O

ExXeRcCISE10.2 Which of the following dags are OBDDs feg [(#p [T)?
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CHAPTER 10.

proceduredisjunction(ny, ..., Nm)

parameters. global dagD

input: nodesny, ..., Ny, representindg-1,...,Fm in D

output: a noden representindg-; [_l. [F}, in (modified)D

begin

if somen; is [1] then return

ifm=1thenreturnn;

if somen;j is [0] then
return disjunction(ny, . .

p : = max_variable(ny,...,Nm)

foralli=1...m

if nj is labeled byp
then (li, ri) : = (neg(ni), pos(ni))

ese(li,ri) = (ni,nj)

., Ni—1, Nix+1, ..., Nm)

ky : = disjunction(ly,...,1m)
ko : = disjunction(ry,...,rm)
return integrate (k1, p, k2, D)
end

Figure 10.12: An algorithm for computing a disjunction of DBs

Explain your answer.

EXeERCISE10.3 Consider the following global ddg.
February 7, 2008
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10.7 Variationson OBDDs

®
// /\

\ //

It has two different subdags, d, rooted atp. Letd;, d, represent formulaBy, F», respectively.
Draw the global dadp after the OBDD fo~; [F} has been integrated into it. O

EXERCISEL10.4 A propositional formuld (p1,...,pn) of variablesp, ..., pn is called aparity
check formulaf its models are exactly those that assigto an even number of variables among
P1,...,Pn. Draw an OBDDd for a parity check formula of variables. How many nodes dogs

contain? O
EXERCISE10.5 A propositional formulé& of variablespy, ..., pn is true in an interpretatioh if
and only if exactly one atom frorpy, ..., pn is true inl. Draw the OBDD forF and the order
pr=>p2>.... O
EXERCISEL10.6 A propositional formulé& of variablespy, ..., pn is true in an interpretatioh if
and only if at most one atom fropn, ..., pn is false inl. Draw the OBDD forF and the order
pr=p2>.... 0

EXERCISEL10.7 The formulag andG have the following OBDDs:

| AWHG
I AN \\@/
o "

Find the OBDD for the formulaB [G, F G, andF - G using the Composition Algorithm for
OBDDs. O

EXERCISE10.8 Design an algorithm which counts the number of diffensadels of a formuld
of n variables, given an OBDD which represehts O
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EXERCISEL10.9 Specialize OBDD Composition Algorithm 10.18 for thesial case of computing
the conjunction of OBBDs. O

EXERCISEL10.10 Suppose thit ... then ... else ... is added to the set of connectives of proposi-
tional logic. Define tableau rules for this connective. O

EXeERCISEL10.11 Since satisfiability of BDDs can be checked in constiam¢, one can check
satisfiability of a formula= using the following algorithm: (1) build a BDD fdF; (2) check (in
constant time) that this BDD if not of the forf@] . Explain why using this algorithm is not such a
good idea. O

EXERCISEL10.12 A formulaF has the following OBDD.

Find all models of-. ad
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