Chapter 13

Transition Systems and Tempor al
Properties

A core belief of Buddhism, as in Hinduism, is the belief that a
tions in this life have consequences for the next life.
The Rev. Myung Shin Ham, pastor.
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In this chapter we discuss state-changing systems andftiheialization agransition
systems State-changing systems are the systems functioning ia éind changing state
under the influence of various actions. Transition systerasasspecific formalization of
state-changing systems in which a system is representedsby @t variables and a state
consists of an assignment of values to these variables.

We begin this chapter with an informal discussion of stdtanging systems and the
problem of their formalization in Section 13.1. Then in $&ttl3.2 we consider a concrete
example of a state-changing system: a vending machine. [Ugrdte the key concepts
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192 13.1 State-Changing Systems: Informal Discussion

of state, state variable, and transition. A formal analoglua state-changing system is a
transition systemThis notion is formally defined in Section 13.3, togethettwé notion of
finite-state transition systemn Section 13.4 we discuss how one can represent transition
systems using logic. It turns out that propositional lodidimite domains is ideally suited

for representing sets of states of finite-state transitigstesns. By using a technique of
introducingnext-state variablesne can also represent transitions in this logic. Finatly, i
Section 13.5 we discugemporal propertieghat are not expressible in PLFD. Studying
temporal properties will be our main motivation for the élling chapters.

13.1 State-Changing Systems: Informal Discussion

The logics we introduced so far: propositional logic, PLRR @he logic of quantified
boolean formulas, can be used to describe a static applicatdrld. By “static” we mean
that the world does not change in time, or that we are onlyasted in one particular state
of the world. There are numerous applications where we haveason about systems
whose state changes in time. Typical examples are opeistsigms, networks, protocols,
hardware, autonomous devices, and many others.

For example, when we reason about the safety of cryptogragpbtocols, we have to
discuss possible sequences of actions undertaken by adentrEach action changes the
state of the system that uses the protocol. When we reasan fametioning of hardware,
we also discuss possible sequences of state changes indnardar example, the states
through which a processor goes when executing a sequengstifations.

A state-changing systeis usually characterized by the following properties.

(1) At each particular time moment, the system is in a pddicstate

(2) The state of the system may change, normally under thgeimfe of some kind of
action Actions can be carried out by the system itself but can atsout of its
control, for example, performed by the system environment.

Our aim is to build a mathematical model of such systems. Suctodel is usually
based on the following abstractions of the notions of statkation.

(1) We introducevariablesto characterize some parameters of the system (for example,
the temperature) and assume that the state is identified iog filke values of the
variables at the state. These variables are calledttie variablef this system.

(2) When we formalize aaction we try to determine what are the possible changes in
the state induced by this action, which amounts to findinghawt it changes the
values of state variables.

The wordtransitionis normally used instead of action, hence the name “trams#ystems”.
The following examples of state-changing systems typicatise in various applica-
tions.
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(1) Reactive systemsThese are the systems that interact with their environmént
vending machine can be regarded as a reactive system, i wigcenvironment is
identified by customers and their requests.

(2) Concurrent systems hese are the systems that consist of a set of componermts fun
tioning together. Usually, functioning of each of these poments can be described
independently, but they also communicate through shargdbkas or some kind of
communication channelfor example queues.

Formal reasoning about a state-changing system usudibn®two stages.

(1) Building a formal model of this state-changing systemaltdescribes, in particular,
functioning of the system or some abstraction thereof.

(2) Using a logic to specify and verify properties of the syst

The aim of this chapter is building formal models of statesaying systems. The following
chapters will deal with logics for reasoning about suchesyst

13.2 Example: a Vending Machine

In this section we consider a vending machine as an exammestdte-changing system
and informally discuss issues related to building a formatlet of this system.

We assume that the vending machine dispenses drinks in argityvdepartment. It
has several components, including at least the followingtoeage space for storing and
preparing drinks, a box for dispensing drinks, and a coit feloinserting coins. When
the machine is operating, is comes through several stageshdimg on the behavior of a
customer. Each action undertaken by the customer or by tldhinaitself may change
the state of the system. For example, when the custometdreenin in the coin slot, the
amount of money in it changes. We would like to include theauer in our formalization
too, so in fact the system we are describing consists of hatimiachine and the customer.

Let us try to build a formal model of the vending machine. Idesrto do this, we have
to identify

(1) what are the state variables;
(2) what are the possible values of the state variables;

(3) what are the transitions and how they change the valut®edtate variables.

We will consider these issues in the following sections.
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13.2 Example: a Vending Machine

13.2.1 StateVariablesand States

When building a formal model of a state-changing system,ameuse differen@bstractions
of the real system, depending on the level of details andgutigs we are interested in. For
example, concerning the money slot, we can use the followifogmation:

what is the amount of money in the slot? (13.1)

To represent this information, we can introduce an integéwed variable representing the
amount of money. Let us denote this variablenyhey. Since the variablenoney ranges
over an infinite set of possible values, the number of posgitates of the system becomes
infinite, unless we impose a restriction on the maximal amh@firmoney in the slot. If
we impose such a restriction, the varialdeney will range over a finite set of integers
{0,1,...,m}.

This abstraction is very fine and may contain more infornmatian we need. Depend-
ing on our aims, we may only be interested in knowing

is the slot empty or not,
is money sufficient to buy a drink, and (13.2)
should any change be given?

In this case we can use the following finite domain of possiakies for the variable
money: {none, not_enough, just_enough, too_much}.

But it is also quite possible that we are not interested ictioning of the change-giving
component of the machine, and are only interested in theviollg

is money enough to buy a drink? (13.3)

In this case we obtain a coarser abstraction and meaty as a boolean-valued variable:
money has the boolean valueif and only if the slot contains enough money to buy a drink.

The variablemoney describes only one component of the vending machine. Inrgene
we may be interested in having more variables describingrathmponents. Then for each
variable we have to define the set of possible values, calleddmainfor this variable.
This observation makes us think of a possible analogy witp@sitional logic of finite
domains. Indeed, in order to identify an instance of thisdogre also had to identify a set
of variables and a domain for each variable of this set.

As soon as we have identified all state variables and thegilplessalues, we can define
the state of the system as a collection of the values of atiblas. More precisely, it can be
defined as a mapping from the set of variables to the set oésaluch that every variable
is mapped into a value in its domain. When we define the statasrway, we effectively
identify the state with the mapping of variables to values. Going badur analogy with
propositional logic of finite domains, a state is simply ateipretation of this logic. By
identifying the state with a mapping, we create abstractionof the real system. For
example, in our abstraction of the vending machine we arinterested in such properties
as the color or make of the machine.
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CHAPTER 13. TRANSITION SYSTEMSAND TEMPORAL PROPERTIES 195

13.2.2 Transitions

Let us now discuss how one can formalize transitions in &-stiadnging system. A transi-
tion brings a system from one state to another. ConsidegxXample, the transition caused
by pressing a button to dispense a drink. If there is suffiaieoney in the coin slot, the
relevant drink available, and the dispenser is empty, thenttansition can be applied. It
can affect nearly every component of the system, apart frenuser. It changes the amount
of money in the coin slot, the amount of drinks stored in tloeegie, and the content of the
drink dispenser.

The question is how one can formalize the notion of transitiogeneral. A transition
changes the state of the system, so one particular way ofngearansition is by defining
it as a pair(s, s’), wheres is the state of the system before the transition, sl the state
after. Such a definition is not convenient for us for sevazabons explained below.

Suppose that the coin slot in our formal model of the vendiaghmme is represented by
an integer (restricted or not) variabieney. The effect of the “pressing button” transition
described above on the valuerabney is the following: if the pricep of the drink is less
than or equal to the value afoney, then the value ofhoney decreases by. Otherwise, the
value ofmoney remains the same. Note that this transition is applicableaaydifferent
states of the system. Indeed, the only requirement to the istéhat the value ahoney is
greater than or equal {9 so there may be quite a range of admissible valuesitory. In
addition, there are no restrictions on the content of theag®or drink dispenser.

It follows that this transition is not a pair of states, buhex a function on states. If we
identify a state with the valug: of money, then the function is defined as follows:

m—p, ifm>p;

drink_dispensing(m) = { m it m < p

However, even formalizing a transition as a function onestabhay be insufficient. There
are at least two reasons for this

First, sometimes we may wish to say that a particular tremmsis not applicable to a
certain state. For example, we could wish to considiénk _dispensing undefined when
m < p. Then defining transition as a total function would not berappate.

Second, some transitions may be inherently non-detertiginiBor example, suppose
that we want to formalize an erroneous behavior of the vendiachine, when it can by
mistake swallow some amount of money in the slot. If the valfienoney wasm > 0
before the transition, then after the transition it may Ibeeany number betweehand
m — 1. Therefore, in this case a transition is not even a partiatian.

In this book we will take the most general definition of a tidos as a set of pairs of
states. For example, the money-swallowing transition earepresented by the set of pairs

{(m,m’) | m>0,0<m' <m}.

This implies that for a statethere may be more than one statsuch that can be changed
into s’ by the transition. In this case we will say that the transiionon-deterministic
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13.3 Transition Systems

13.3 Transition Systems

Based on the discussion of the previous section, we can nfimedeformalization of state-
changing systems asansition systems

DEFINITION 13.1 (Transition System) #&ansition systens atupleS = (X, D, dom, In, T,
where

(1) X is afinite set oktate variables
(2) D is a non-empty set, called tlwmain Elements ofD are calledvalues

(3) dom is a mapping fromX to the set of non-empty subsets bf For each state
variablex € X, the setdom(z) is called thedomain forz.

The meaning offn andT will be defined below after we have defined the notions of state
and transition.

A stateof a transition syster§s is a functions : X — D such that for every: € X we
haves(z) € dom(z). A transitionis a set of pairs of states. Concernihgand’, we have
the following.

(4) Inis a set of states, called ti@tial statesof S.

(5) T is a finite set of transitions.

A transitiont is said to bepplicableto a states if there exists a stat€ such thais, s’) € t.
A transitiont is said to bedeterministicif for every states there exists at most one state
such that(s, s’) € t, andnon-deterministiotherwise.

Thetransition relation ofS, denoted byT’rs, is the set of pairs of statéd, - ¢, i.e., it
is the union of all transitions in the system.

A transition systen$ is said to bdinite-statef its set of states is finite, and infinite-state
otherwise. O

Let ¢ be a transition. It is easy to see thas non-deterministic if and only if there exist
statess, s/, s, such thats} # sb, (s, s]) € t and(s, s}) € t.

Let S be a transition system. It is not hard to argue thas a finite-state system if
and only if for every state variable of S the domain for this variable is finite. Note that
according to our definition, the states are only those masginvhich mapz into a value
in dom(x). Therefore, if we replac® by | J, ., dom(x), i.e., use only those values that
belong to a domain for at least one variable, then the setatésf the system does not
change. Therefore, we can assume at | J, ., dom(x). Under this assumption, finite-
state systems are exactly those whose domais finite. In this book we will only study
finite-state systems.

Let us try to formalize a vending machine as a finite-statesitin system. First, we
describe the state variables and the effect of all tramsitio a semi-formal way.
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CHAPTER 13. TRANSITION SYSTEMSAND TEMPORAL PROPERTIES 197

(1) The vending machine contains a drink storage, a coinahaot a drink dispenser. The
drink storage stores drinks of two kinds: beer and coffee.avéeonly interested in
whether a particular kind of drink is currently being stoggchot, but not interested
in the amount of it.

(2) The coin slot can accommodate up to 3 coins.

(3) The drink dispenser can store at most one drink. If it @mst a drink, this drink
should be removed before the next one can be dispensed.

(4) A can of beer costs two coins. A cup of coffee costs one.coin

(5) There are two kinds of customers: students and profesStundents only drink beer,
professors only drink coffee.

(6) From time to time the drink storage can be recharged. rAlfi@ recharge both beer
and coffee become available.

Our formalization will use the following state variables.

(1) Boolean state variables coffee andst_beer signaling whether the corresponding
drink is currently being stored in the drink storage.

(2) A state variablelisp with the domainnone, beer, coffee whose value is the current
content of the drink dispenser.

(3) A state variableoins denoting the current number of coins in the slot. Its possibl
values are), 1, 2, 3.

(4) A state variableustomer denoting the current customer. The domain for this variable
contains three valuegudent, prof , none.

One can have an idea of introducing a single variable foresgprting the content of the
drink storage. Then this variable would have four valuesweleer, using such a variable is
hardly a good idea, since presence of beer in the storagdepémdent of the presence of
coffee, soitis better to have two independent variableg. vehiables and their domains are
summarized in Figure 13.1. Itis not hard to argue that theegytas 144 different states.

To define the transition system, we should also define theo$atgtial states and tran-
sitions. We assume that there is one initial state, in whinghdrink storage, the drink
dispenser, and the coin slot are empty, and there is no cestds for the transitions, we
assume the following ones:

(1) Recharge, which results in the drink storage having both beer anceepff

(2) Customer_arrives, after which a customer appears at the machine;
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13.4 Symbolic Representation of Transition Systems

variable domain explanation
st_coffee | {0,1} drink storage contains coffee
st_beer {0,1} drink storage contains beer
disp {none, beer, coffee} content of drink dispenser
coins {0,1,2,3} number of coins in the slot
customer | {none, student, prof } | customer

Figure 13.1: State variables and their domains for the venaiachine example.

(3) Customer_leaves, after which the customer leaves;

(4) Coin_insert, when the customer inserts a coin into the coin slot;

(5) Dispense_beer, when the customer presses the button to get a can of beer;
(6) Dispense_coffee, when the customer presses the button to get a cup of coffee;

(7) Take_drink, when the customer removes a drink from the dispenser.

We can describe every transition by defining states to whighapplicable and its effect
on the values of all variables. For examplBike_drink is applicable to the states where
the dispenser is non-empty and there is a customer, i.evatbe ofdisp is different from
none and the value ofustomer is different fromnone. The only effect of this transition is
setting the value oisp to none.

A representation of a transition by an explicit enumeratbrall pairs of states in it
is not very convenient and may be practically impossibleabse of the large number of
such pairs. What we need next is a convenient formalism feci§png sets of states and
transitions.

13.4 Symbolic Representation of Transition Systems

In this section we introduce a so-callsgmbolic representationf transition systems. A
symbolic representation uses formulas in some logic toriessets of states and transi-
tions.

13.4.1 Representing Sets of States

Note that the set of variables of a finite-state system tegetlith the mappinglom iden-
tifies an instance of propositional logic of finite domaingreover the states of the system
are exactly the interpretations of this instance. Evemnida of this logic can be considered
as representing a set of states, namely the set of statesdh this formula is true.
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DEFINITION 13.2 (LogicL(S) and Symbolic Representation of Sets of States) SLie¢ a
transition system. Denote b§(S) the following instance of propositional logic of finite
domains. The set of variables 6fS) is the set of variable&’ of S and the domain mapping
of L(S) is the domain mappingom of S. We say that a formuld’ of £(S) symbolically
representsa set of states' if

S={s|sEF}.
Instead ofsymbolically representse will usually simply sayepresents O

For example, the formuleoins = 2 represents the set of states in which the variabies
has the value, that is, the set of states in which the coin slot containgthx&vo coins.

Let us try to represent some sets of states for the vendingpimaexample. We will
use a convenient abbreviation# v instead of-(z = v), wherez is a state variable and
v is a value. As discussed above, the transitiuke _drink is applicable to the states in
which the dispenser is non-empty and a customer is preséig.céin be expressed by the
formula

disp # none A customer # none.

Let us try to represent the states in which the machine isyremdispense a drink (inde-
pendently of whether the right kind of customer is preselm)every such state, the drink
should be available, the drink dispenser empty, and thestoirtontain enough coins. This
can be expressed by the following formula

(st_coffee V st_beer) A disp = none A
((coins = 1 A st_coffee) V coins = 2 V coins = 3).

Alternatively, one can write an equivalent formula

(st_coffee V st_beer) A disp = none A
coins # 0 A (coins = 1 — st_coffee).

13.4.2 Representing Transitions

A transition is a set of pairs of states. Therefore, to regmesa transition, we have to be
able to represent properties of two consecutive statessflimelard technique for doing so
is to use two collections of variables: each one refers taobiiee states. The first is usually
called thecurrent state The second is called theext state To denote variables referring to
the next state, we use copies of the variable&'jrobtained by suffixing them with™. So
for every state variable € X we will usez’ to refer to this variable in the next state.

For every transition systefi = (X, D, dom, In,T') denote byx” the following set of
variables

X e e x)
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13.4 Symbolic Representation of Transition Systems

Let us introduce an instana&(S) of PLFD which will be used for expressing properties of
both the current and the next state. The set of variableZ(6f) is X U A7, the domain of a
variablex € X is dom(x), the domain of a variable’ € X’ is alsodom(x).

Every pair of stategs, s’) can be naturally made into an interpretation &fS) as
follows. For all variables: € X andz’ € X’ we define

(s,8) (@) € s(a);
(s,8)(z) & g,

It is not hard to argue that a pair of statess’) considered as an interpretation £f(S)
satisfies the following property for all variablesc X, 2/ € X’ and values € dom(x):

(s, )E(z=v) & s(x)=u;
(s, YE (' =v) & §(z)=nw.

Essentially, this means that the variablestimefer to the current state while the variables
in X’ refer to the next state.

DEFINITION 13.3 (Symbolic Representation of Transitions) We say thetraula £ of
L'(S) symbolically representa transitiont if

t={(s,s) | (s,8)E F}.
Instead ofsymbolically representae will usually simply sayepresents O

Let us try to represent symbolically the vending machinediteons described on page 197.

The simplest transition i®echarge which results in the machine having both coffee
and beer in the drink storage. We assume that this transitiapplicable when there are no
customers waiting to be served. The definition of the synch@lpresentation may suggest
that this transition could be expressed by the formula

customer = none A st_coffee’ A st_beer’,

but it is not so. For example, this formula has modelss’) such thats F coins = 0 and

s’ E coins = 3, which is not what we intended: in real life it is unreasoeatnl expect
coins to magically appear in the coin slot as a result of aaeEh To solve this problem,
we have to assert that the valuecofns is not changed by the transition. In fact, we have
to assert similar statements for all variables apart fsoroffee andst_beer. To express
such properties in a succinct way, we introduce an abbiewiat et z, y be two variables
of PLFD such thatlom(x) = dom(y). Then we denote by = y the formula

vedom(x)

For examplecoins = coins’ denotes the formula
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(coins = 0 < coins’ = 0) A (coins = 1 < coins’ = 1) A
(coins = 2 « coins’ = 2) A (coins = 3 < coins’ = 3).

A correct symbolic representation of the transiti®echarge can be given by the formula

customer = none A st_coffee’ A st_beer’ A

. . . : 13.4
customer = customer’ A disp = disp’ A coins = coins’. ( )

Note that the transition relation &f is a set of pairs of states, and can therefore be
considered as a transition. The following theorem shows &ieymbolic representation of
the transition relation df can be obtained from symbolic representations of eachiti@ms
inS.

THEOREM 13.4 Lettq,...,t, be all transitions of and formulasFi, . . . , F,, symbolically
represent,...,t,, respectively. Then the formulg Vv ... Vv F, symbolically represents
the transition relation ofs.

PROOF Take any pair of states;, s’) and note the following equivalences:

(s,8") € Trs &
(by the definition ofTrg)
(s,s") € t; for somei <
(sinceF; symbolically represents)
(s,s") E F; for somei <
(s, VEFL V...V F,. O

Now we can give the main definition of this chapter.

DEFINITION 13.5 (Symbolic Representation of Transition Systems)SLet(X, D, dom, In,T)
be a transition system. We say that a pair of formwas” of logics L(S), £/(S) symboli-
cally represents if F' symbolically represents the set of initial stafesand £/ symboli-
cally represents the transition relati@ig of S. O

13.4.3 FrameProblem

For systems with many state variables a symbolic represemtaf a transition usually
contains a large number of formulas= 2’ asserting that the value of a state variable
after the transition is equal to its value before the trémsitThese formulas are known as
frame formulas For example, the frame formula for the state variabies is coin = coins’.
The problem of expressing that the values of some stateblesialo not change after
a transition or an action is well-known in artificial intgiénce, knowledge representation,
and reasoning about actions. It is called freene problem The frame problem causes
the symbolic representation of transitions grow to an uragaable size. To cope with this
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13.4 Symbolic Representation of Transition Systems

problem, we will introduce an abbreviation for a formula alinexpresses that the values of
some variables do not change.

Let S be a transition system arld C X be a set of variables of(S). Define the
formulaonly(Y') by

only(Y) df /\ =21
zeX\Y

In other wordsonly(Y') means that the variables in are the only ones that may change.
Instead ofonly({z1,...,x,}) we will write only(z1,...,z,). Using the new notation,
formula (13.4) which gives us the symbolic representatibthe Recharge transition, can
be written in a more concise way as

customer = none A st_coffee’ A st_beer’ A only(st_coffee, st_beer, coins). (13.5)

Note thatonly(Y') does not mean that the variablesyirmustchange their values after the
transition. For example, formula (13.5) does not impligt_coffee < st_coffee’).

Using the frame notation, we can represent all transitidrieeovending machine sys-
tem as shown in Figure 13.2.

When we represent a transition symbolically using a fornfulaf variablesx U X”,
the formulaF is usually represented as the conjunctigna F» of two formulas:

(1) Fy expresses some conditions on the variaBfeshich are necessary to execute the
transition;

(2) F» expresses some conditions relating variabled’ito those inX’, i.e., conditions
which show how the values of the variables after the trasitelate to their values
before the transition.

The formulafy is sometimes called thereconditionof the transition, and;, called the
postconditionof it. For example, in the formula that represents the ttawsiTake_drink
in Figure 13.2, the precondition is

customer # none A disp # none,

while the postcondition is
disp’ = none A only(disp).

Note that the notions of precondition and postconditionrateer informal: indeed, they
refer not to the transition itself, but to its particular repentation by a formula.

Observe the following property of the symbolic presentatibtransitions of Figure 13.2.
In each of these transitions apart frabispense_beer and Dispense_coffee the variables
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Recharge =  customer = none A st_coffee’ A st_beer’ A
only(st_coffee, st_beer).
. def
Customer_arrives = customer = none A customer’ # none A
only(customer)
def
Customer_leaves =  customer # none A customer’ = none A
only(customer).
. def .
Coin_insert =  customer # none A coins # 3 A

(coins = 0 — coins’ = 1) A (coins = I — coins’ = 2) A
(coins = 2 — coins’ = 3) A
only(coins).

Dispense_beer =  customer = student A st_beer A
disp = none A (coins = 2V coins = 3) A
disp’ = beer A

(coins = 2 — coins’ = 0) A (coins = 8 — coins’ = 1) A
only(st_beer, disp, coins).

Dispense_coffee =  customer = prof A st_coffee A
disp = none A coins # 0 A
disp’ = coffee A
(coins = 1 — coins’ = 0) A (coins = 2 — coins’ = 1) A
(coins = 3 — coins’ = 2) A
only(st_coffee, disp, coins).

Take_drink =  customer # none A disp # none A

disp’ = none A
only(disp).

Figure 13.2: Symbolic representation of transitions ofweeding machine transition sys-
tem

shown in the frame formula are exactly those variahlesich thatz’ occurs in the tran-
sition. For this reason, symbolic representations of tt@ans in many model-checkers do
not use the frame formulas at all. Instead, they use a caovetiiat, whenever a variable
x’ does not occur in the formula which represents the tramsitids assumed that the for-
mula implicitly containse = 2’. If we accept this convention, then the frame formula can
be removed from all transitions buitispense_beer and Dispense_coffee. We have to be
careful about transitions in which a variablecan change its value to an arbitrary value
in its domain. For such transitions we can add to the tramsifiormula any valid formula
containingz’, for example,z’ = z’. For example, under this convention the transition
Dispense_beer can be represented by
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Dispense_beer ©f ustomer = student A st_beer A
disp = none A (coins = 2 V coins = 3) A
disp’ = beer A
(coins = 2 — coins’ = 0) A (coins = 3 — coins’ = 1) A
(st_beer’ < st_beer’).

13.5 Temporal Propertiesof Transition Systems

We will call properties of transition systems referring beit functioning in timetemporal
properties We are interested in expressing and verifying temporgbgmaes of transition
systems. Consider some typical examples of properties aglet toe interested in for the
vending machine example (we do not claim that all these ptiggehold for this system).

(1) The machine always contains some drink.
(2) Students sometimes drink coffee.

(3) The machine cannot dispense drinks forever withoutaneghg.

The first of these properties refers to a single state, aralparticular state can be expressed
by st_beer V st_coffee. However, we have no formalism that can express that thisquty
holds forall statesthrough which the machine goes.

As for the second property, we have no variable which expsesso drinks what, but
we can represent this property by referring to two conseeugtates. We can say that a
student drinks coffee, if there exists a future stake which the formula

customer = student A disp = coffee

holds, and a stat€ immediately aftes in whichdisp = none holds. To represent proper-
ties of two consecutive states, we can use formulas of Vesabu X”’. But again, we have
no way to express that two consecutive states with this prppéll occur in some future
state

The third property is even more complicated. It refers reitio a particular state in
future nor to two consecutive states. Essentially, it mélaaisthe system cannot execute an
infinite number of transition®ispense_beer and Dispense_coffee without a Recharge in
between.

The logic we introduced in this section allows one to spes#is of states and transi-
tions, and therefore specify transition systems in a syiodotm. However, it does not
allow us to specify complex temporal properties of the syste reason about them. To
reason about temporal properties of transition systemseee a more expressive logic,
which can express properties like “in some future statef gl future states”, “forever”, or
even “infinitely often”. Such a logic will be introduced ingmext chapter.
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Exercises

ExXERCISE13.1 This exercise is about the symbolic representatioetobfsstates for the vending
machine system.

(1) Representthe set of initial states.

(2) We know that students only drink beer while professotyg drink coffee. Represent the set
of states in which there is a drink in the dispenser but it dagsuit the current customer.

(3) Represent the set of states in which there is only ond drailable. O

EXERCISE13.2 Represent symbolically the following transitionstfoe vending machine system.

(1) The money-swallowing transition which can remove anyani of coins from the coin slot.

(2) A student leaves taking all drinks from the dispenserahchoney.

(3) Change-giving transition (it should remoak money from the coin slot). O
EXERCISE13.3 Explain why the logic£(S) and£'(S) are not expressive enough for reasoning

about infinite-state systems. Hint: consider an integéregvariabler and try to express the
property thatc is even. O

EXERCISE13.4 LetS be a transition system with the state variahles. . ., v,,. Define theidle
transitionas the transitioq (s, s) | s is a staté, i.e., the transition which is defined on all states, but
does not change the value of any variable. Define a symbgliesentation of the idle transitionl

ExXERCISE13.5 For any transition systeff) write a symbolic representation of the greatest tran-
sition: the transition which can change the value of anyestatiablew to any value indom (w).
0

ExXERCISE13.6 Change symbolic representations transitions of EigGr2 as follows.

(1) Change the transitio@ustomer_leaves S0 that the customer cannot leave without a drink.

(2) Change the transitio@ustomer_leaves S0 that a student always removes all money from the
coin slot.

(3) Change the transitiofiuke_drink so that the customer may leave after taking a drink.0]
ExercISE13.7 Which of the transitions of Figure 13.2 are non-detarstic? O

EXERCISE13.8 Two variables:, y range over the same domain. Represent the transition which
swaps the values af andy. O

EXERCISE13.9 The variabler range over the domaifil, 2,3}. Represent the transition which
strictly increases the value of O

ExXErRCISE13.10 The state variables of a system are...,z,. Represent the transition that
changes the value efverystate variable of the system. Is this transition deterrtiails O
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ExXeERCISE13.11 What is the number of all possible transitions for taeding machine system?
0

ExXERCISE13.12 Find a symbolic representation of a transition notiegple to any state. [0
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