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In this chapter we define a logic that can be used for exprg$smporal properties of
concurrent systems. This logic extends propositionalcléyi severatemporal operators
Such logics are generally known @snporal logics There are several temporal logics used
in model checkers, each one has its own collection of tenhppexators. In Chapter 16 we
will consider two other temporal logic€TL* andCTL.

14.1 Kripke Structures

In this section we introduce a notion Kfipke named after their inventor [Kripke 1963].
that is very similar but not identical to the notion of traitsi system. Transition systems are
convenient for modeling systems while Kripke structuresraore convenient for defining
temporal logics. We will show that every transition systesmn de considered as a Kripke
structure.

In the definition we assumefixed instancePLFD (X, dom) of PLFD. Denote the set
of all interpretations for this instance of PLFD by

DEFINITION 14.1 (Kripke Structure) AKripke structureis a tuple K = (S, In,T, L),
where
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208 14.1 Kripke Structures

(1) S is afinite non-empty set, called the setstditesof K.
(2) In C S'is a non-empty set of states, called the sahibfal statesof K.
(3) T'C S x Sis a set of pairs of states, called tinansition relationof K.

(4) L:S — Tis afunction, called th&abeling functionof K. O

Note that the definition of Kripke structure is implicitly iganetrized by an instandeL F'D (X, dom)
of PLFD. When we want to mention this instance explicitly, wid speak about &ripke
structure overPLFD(X, dom). In literature on model checking (e.g. [Clarke, Grumberg
and Peled 1999, Clarke and Schlingloff 2001]) it is usuafiguaned that all variables are
boolean. In this case the instance of PLFD is simply ideutifig its set of variableg” and
we speak about Kripke structure overx.

Every finite-state transition systesh= (X', D, dom,I,T) can be made into a Kripke
structureK = (S, In,T’, L) as follows.

(1) The instance of PLFD i®LFD(X, dom), as in the symbolic representation of tran-
sition systems.

(2) The set of states dX is the set of all states &, that is,S = I, wherel is the set of
all interpretations for this instance of PLFD.

(3) K andS have the same initial states, thatlis= 1.

(4) The transition relation ok is the transition relation &8, thatis,7” = Trg = |, t-

(5) The labeling function. simply maps every state of S into itself: L(s) L (re-
member that states in transition systems are interpragtid his can be reformulate

as follows:

Though the two notions of transition system and Kripke stmecare very similar, there
are some differences between them. In a transition systensdhof states is the set of
all interpretations ofPLFD(X, dom), in a Kripke structure sets amappedinto such
instances. This has two consequences.

(1) In atransition system every interpretation is a state.aKripke structure there may
be an interpretatiod such that there is no statenith the propertyL(s) = I.

(2) In a Kripke structure there may be tvdifferent statess;, sy labeled by the same
interpretation, that id.(s1) = L(s2). In a transition systems there is only one state
correponding to a single interpretation.

We will illustrate both differences after introducing a ioot of state transition graph
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CHAPTER 14. LINEAR TEMPORAL LOGIC LTL 209

DEFINITION 14.2 (State Transition Graph) Lé&f = (S, In,T, L) be a Kripke structure.
Its state transition graphs a directed graph whose set of nodes$'iand set of arcs i
Additionally, each node in the graph is labeled by the interpretatidgs). O

Consider an example.

ExAMPLE 14.3 Consider an instance of PLFD with one boolean variabdad the fol-
lowing Kripke structureK over{z}. It has two states;, so, wheres; is the initial state,
the transition relatior?™ is {(s1, s1), (s1, s2), (s2, s1)}, the labelling function maps, into
{z — 1} andss into {z — 0}. In other words, we have = 1 ats; andz = 0 atse. The
state transition graph of this Kripke structure is

SUES
S1: 821
\_/ 0

As usual, for a boolean variable we will write x instead ofr = 1 and -z for z = 0.
Using this convention, we can draw the state transitionlyaphe Kripke structure of this
example as

Consider a more lengthy example.

ExaMPLE 14.4 Take a transition systefifor a simplified model of the vending machine.
The coin slot contains at most two coins, there are no stutetomers, and the machine
serves only coffee. The sét contains the following variables.

(1) A boolean variablatorage, which is true if the storage is non-empty, i.e., there is
coffee in the storage.

(2) A boolean variabléispenser, which is true if the dispenser is non-empty, i.e., if there
coffee in the dispenser.

(3) A variablecoins with the domain?, 2, 3 denoting the number of coins in the slot.

(4) A boolean variableustomer, which is true if a customer is present.
The transitions are the same as for the vending machine dgaeyzept that there is no

transition Dispense_beer. The state transition graph for this example is shown in Fig-
ure 14.1. U
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———— Recharge

coins = 0
dispenser

coins = 0
dispenser
storage

coins = 1
dispenser
storage

coins = 1
dispenser

coins = 2
dispenser

coins = 2
dispenser
storage

dispenser
A\ storage

Customer_arrives and Customer _leaves - ---- > Coin_put

~ Dispense_coffee > Take_drink

Figure 14.1: State transition graph for the simplified vegdinachine model
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14.2 Computation Trees

The set of all possible behaviors of a Kripke structure onadition system can be defined
through a notion o€Eomputation tree

DEFINITION 14.5 (Computation Tree, Computation) L&t = (S, In,T, L) be a Kripke
structure over a set of variablés ands € S be a state. Theomputation tree fork
starting ats is the following (possibly infinite) tree.

(1) The nodes of the tree are labeled by stateSs.in
(2) The root of the tree is labeled By

(3) Forevery node’ in the tree, its children are exactly such nogés S that(s’,s”) €
T.

A computation pattior K is a sequence of nodas, s1, . . . such that
(1) for alli we have(s;, s;+1) € T;

(2) if the sequence is finite, i.e., it has the foem ..., s,, then there exists no state
such that(s,, s) € T 0

In other words, a computation path is any maximal sequencgadés through which a
computation may go by applying the transitions.
It is not hard to argue that computation trees and paths @/flowing properties.

(1) Computation paths for a Kripke structure are exacthpedhches in the computation
trees for this Kripke structure.

(2) Letn be a node in a computation trééfor K labeled bys’. Then the subtree af'
rooted ats’ is the computation tree fdk™ starting ats’. In other words, every subtree
of a computation tree rooted at some node is itself a comipuottee.

(3) For every Kripke structurél and states there exists a unique computation tree for
K starting ats, up to the order of children.

For example, a part of a computation tree for the Kripke stmgcof Example 14.3 is
given in Figure 14.2 on the next page. Likewise, a part of amaation tree for the Kripke
structure of Example 14.4 is given in Figure 14.3 on page Bi#he latter figure we label
the arcs of the computation tree by the names of the corrdgppiransitions. The trees can
be obtained by “unwinding” the corresponding state trémrsigraphs (see, e.g., Figure 14.1
on the preceding page).

One can note that the computation tree is a convenient ofgjediscussing possible
temporal behaviors of the Kripke structure, since assestaibout possible temporal behav-
iors can be conveniently formulated as properties of patlthe tree and states on these
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Figure 14.2: Computation tree for Example 14.3.

paths. Consider, for instance, two examples of temporalgaties of the vending machine
transition system:

(1) There is no state in which a professor and a student ahecbgtomers.

(2) Students never drink coffee.

To express the first property, we can say thatlbstates in the tre@ve havecustomer #
student V customer = prof . Or, alternatively, we can say that fevery pathin the tree and
every node on this pative havecustomer # student V customer # prof.

The second property can be reformulated in terms of pathstatels as followsfor
every pathin the tree andwo consecutive states, s, on this path, ifs; F customer =
student A disp = coffee, thensy E disp = coffee.

14.3 LTL

In this section we introduce a logic in which one express eriogs of paths in a compu-
tation tree. In particular, properties such as “for someesta the path” or “for every two
consecutive states” can be expressed. This logic is chtledr temporal logi¢ or simply
LTL

DEFINITION 14.6 (Formula of.TL) The notion of arLTL formulais defined inductively
as follows.

(1) T and_L are formulas.
(2) Every atomic formula: = v of PLFD is an (atomic) formula dfTL.

(3) If Ay,..., A, are formulas, where > 2,then(A; A...ANA,)and(A; V...V A,)
are formulas.
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214 14.3 LTL

(4) If Ais aformula, themA is a formula.
(5) If AandB are formulas, thefA — B) and(A < B) are formulas.
(6) If Aisaformula,therD A, 0 A, and[ ]A are formulas.

(7) If AandB are formulas, thesl U B and A R B are formulas.

The symbolsD), ¢, [1, U, R are calledemporal operators O

Sometimes we will simply refer to the formulasIof'L (and formulas ofTL* introduced
in Chapter 16) atemporal formulas

Before we define the semantics I6I'L formulas formally, let us try to explain their
meaning informally. The formulas dfTL are true or false of computation paths, that is,
sequences of statag, s1, . ... The formula_] A means thatl is true atall states along the
path. The formula) A means thatd is true atsomestate on the path. The formu{a A
means thatl is true at thenextstate after the initial one, that is, &t The formulasd U B
and A R B are slightly more complex and will be explained below.

DEFINITION 14.7 (Semantics diTL) Let 7 = sg, s1,s2... be a sequence of states and
A be anLTL formula. We define the notioA is true onm, denoted byr = A, by induction
on A as follows. For alk = 0,1,... denote byr; the sequence of stateg s;+1, s;+2 - ..
(note thatrg = 7).

Q) 7 ETandr £ L.
2 nEz=vifsgEz=n.

B) mrEAIN...NA,dfforall j =1,...,nwehaver = Aj;;
TEA V...V A,ifforsomej=1,...,nwe haver F A;.

(4) 7 E —Aif 1 ¥ A

(5) mE A— Bifeitherr ¥ Aorn F B;
7 FE A < B if either bothm ¥ A andw ¥ B or bothr E A andr = B.

6) TEQAIf T F A;
m E QAifforsomei =0,1,... we haver; F A,
mE [JAifforall i =0,1,... we haver; E A.

(7) mE AU B ifforsomek =0,1,... we havep, E Bandpy E A, ..., px_1 E A;
mFE ARBifforall £ > 0, eitherm;, = B or there existg < k such thatr; F A. [

Two LTL formulas A and B are calledequivalent denoted4 = B, if for every pathr we
haver F Aifand only ifr F B. O
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Figure 14.4: Semantics of temporal operators

When we consider a path and pathsr; as in this definition, instead of saying that a
temporal formulad is true onm; we will sometimes say that is true at the state; on the
path.

The semantics of the temporal operatord/@fL is illustrated in Figure 14.4. Less for-
mally, it can be explained as follows (we write in parentisese name of the corresponding
temporal operator).

O (next) The formulaD A holds, if A holds at the next state on the path.

¢ (eventually) The formula)A holds, if A eventually occurs, i.e.4 holds at some
state on the path.

[] (always) The formula ] A holds, if A holds globally, i.e., at every state along the
path.

U (until) The formulaA U B holds, if A holds until B occurs, i.e., there is a state on
the path at whiclB holds, and at every state befadeholds.

R (release) The formulal R B holds, if, whenever-B occurs at a state on the path,
A occurs before. Or equivalently, eith& holds globally on the path, of occurs
before the first state at which is violated.

14.4 Expressing Properties of Transition Systems ibTL

The formulas ofLTL express properties of paths in computation trees, hengeatieaele-
vant to temporal properties of Kripke structures or traosisystems. But we know that the
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set of all possible behaviors of a Kripke structure is idedi by its computation tree, so
what is the meaning of these formulas when we discuss piepeft Kripke structures? A
computation tree for a Kripke structufé can be identified with the collection of its paths.
We know that these paths describe all possible computatibtiés Kripke structure. So if
we have arL.TL formula A, we can consider at least two kinds of propertiegof

(1) doesA hold onsomecomputation path fof from an initial state?
(2) doesA hold onall computation paths foK from an initial state?

The two properties are dual to each other. It is not hard taeathatA holds on some
computation path if and only if it is not true thatd holds on all computation paths. Vice
versa,A holds on all computation paths if and only if it is not truetthad holds on some
computation path. This means that, if we can express oneegpribperties, we can also
express the other one. For this reason, we will sometimes teftemporal formulas as
expressing properties of Kripke structures. In such casewitry to be careful enough
to explain which of the two properties we have in mind.

Reachability and safety properties. A state is calledeachableif there is a computation
path from an initial state leading to this state. Reachighbi$i one of the most important
properties of transition systems in connection vgittiety properties Suppose thatnsafe

is a formula which expresses an undesirable property ohaitran system. States satisfy-
ing unsafe are usually calledinsafeor bad Then the system isafeif one cannot reach a
state at whiclunsafe holds. Naturally, we would like to know whether the systersasge.
Reachability of a state satisfyingnsafe can be expressed as the existence of a path satis-
fying Qunsafe. Then safety of the system can be expressed as non-redighabi state
satisfyingunsafe, i.e., the property_]—unsafe. Naturally, this property must be held alt
computation paths.

A vending machine is not an especially dangerous devicet isonot easy to invent
interesting safety properties for it. One possible exangflan unsafe behavior would
be serving beer to a professor, which can be expressed bythril disp = beer A
customer = prof. Thus, the corresponding safety property is

[ ](disp # beer \ customer # prof ).

Another natural example of a safety property for the vendiraghine transition system is
that the machine is never empty, i.e., there is always etbfee or beer in the storage. It
can be expressed by the following formula:

_I(st_coffee V st_beer).

A bit more complex example is this: whenever there is a custpthe machine has a drink.
It can be expressed by the following formula:

[ ](customer # none — st_coffee V st_beer).
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Mutual exclusion. Mutual exclusionis usually formulated as a property of concurrent
systems. It arises when two or more processes are not alltwedter the sameriti-

cal sectionof a concurrent system simultaneously. Assuming that thezéwo processes
Py, P, and that formulasritical;, where: = 1,2 denote thatP; is in the critical section,
mutual exclusion can be expressed by

[ J=(criticaly A criticalg).

Some natural mutual exclusion properties for the vendinghim& example are the follow-
ing. First, coffee and beer cannot be in the dispenser simedusly:

_1=(disp = coffee A disp = beer).

Likewise, we may want to express that a professor and a stedanot be customers at the
same time:

[_J—(customer = student A customer = prof ),

Deadlock. Speaking very generally, a concurrent program isdeadlocksituation, when

no terminal state is reached, yet no part of the program is bproceed. A transition
system or Kripke structure is said to bdeadlock-freef no computation in it leads to a
deadlock. Assuming that the set of terminal states is repted by a temporal formula
terminal, we can express deadlock-freedom by the formula

C1(OL — terminal).

This formula must be true on every path. Indeed, it is easyeéotBat the formuld) L
means “there is no next state”, that is, no transition is iptssLikewise, we can express
reachability of a deadlock state as the existence of a sitheltve dual property

O(O L A —terminal).

Termination and finiteness. Even if we do not have a notion of a terminal state, one can
defineterminal statess those from which no transition is possible. We know thatrainal
state can be represented by the formula.. A transition system or Kripke structure is
calledterminating if every computation in it leads to a terminal state. Tetion for a
Kripke structure is equivalent to the finiteness of all comagion paths, which by Konig's
Lemma is equivalent to the finiteness of every computatiee from an initial state. But a
computation path is finite if and only if it contains a deadtistate. Therefore, the following
formula expresses that the computation tree is finQt€) L (provided that this formula
holds on every path).
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Fairness. Usually, we are not interested in arbitrary computationa tnsition system,
as we know that some computations are impossible. For examplknow that the vending
machine must be recharged from time to time. This can be flated as follows: on
every computation path, the recharge transaction occfinstégty many times. This kind of
constraints imposed on the system: the system must fromt@irtiee pass through a state
which satisfies some property, is calledairness constraintand computations satisfying
fairness constraints are callédir. For the vending machine example, one can impose
many natural fairness constraints. For example, we mayineethat the dispenser contains
a drink infinitely often, that students are customers irdlgitoften etc. Fairness w.r.t. a
property expressed by a formulameans thatd holds infinitely often on all paths.

We claim that fairness w.r.tA can be expressed by the following formulal$A. To
this end, take any path = sg, s1,.... Denote byr; for j = 0,1, ... the paths;, s; 41, .. ..
Let us prove the following property: for evefy= 0,1, ... there exists: > j such that
7 F A. Indeed, sincer E [0 A, we also haver;; F ¢A. But this means that there
existsk > j + 1 such thatp, £ A. Evidently, & > j, so we are done. By this property,
there existgy > 0 such thatr;, F A. Again by this property, there exists algo> j; such
thatr;, F A. By using this argument again and again we can build an iafggjuence of
numbersjy < ji < jo < ...such thatr; F A for all m, so A occurs infinitely often on
the pathr.

In the proof that_] A expresses that holds infinitely often we assumed that the path
is infinite. When the path is finite, it is not hard to argue that this property implieatth
A holds at the last state af. We can ensure that the path is infinite by assertidg)1.
Likewise, the propertyl 1O QA expresses thatl holds infinitely often and the path is
infinite.

Responsiveness. It is often the case in concurrent systems that one processs sequests
that have to be acknowledged (or responded to) by other ggese For such systems we
are interested in theesponsivenegsroperty: whether every request is eventually acknowl-
edged. Assuming that the request is expressed by a fomlast and acknowledgement
by a formulaack, one can express responsiveness by the formula

[ J(request — O Qack).

If we also want thatequest should remain true until it is acknowledged, responsivenes
can be expressed by the formula

" 1(request — (request U ack)).

We can also require that the request formula and the ackdgetaeent formula be mu-
tually exclusive, i.e.request should remain true until it is acknowledged, after which it
immediately becomes false. This can be expressed by thelfarm

[ 1(request — ((request A —ack) U (—request A ack))).
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Alternation. To give the reader an idea of other properties expressibld'ln, consider
the following example. Letr = sq, s1, s2, ... be a path. We claim that the formulan
[1(A < QO A) expresses the following propertyt is true at the even stateg, so, s4, . . .
and false at the odd states s3, s5 on this path, as illustrated in the following picture:

O-D-@D-D-@D-D-@-

We will denote subpaths of by g, 71, ... as before. Indeed, we havg F [ J(4A <
- A), which implies that for ali, 7; F A if and only if ;1 E = A. Therefore, the value
of A changes from any state to the next state, andl $o either true exactly at all even
states or exactly at all odd states. By= A means thatry F A, so A is true at the even
states.

Interestingly enough, the propertyl‘is true at the even states” is not expressible by an
LTL formula. This property can be illustrated by the followi picture:

OO OR OO OO

where “?” means that the value df can be eithef or 1. It may seem that this property
is expressed by the formula A [J(A — OO A). On the one hand, this formula implies
that A is true at every even state. On the other hand, this formutdsgs on the following
path, on whichA is true at every even state:

O OO RORONON

14.5 Equivalences of Temporal Formulas

In this section we will consider several equivalences betwemporal formulas. Studying
these equivalences will help us to understandifh& operators.

Unwinding properties. These equivalences relate the value of a formula at a stéife to
value at the next state.

0A = AV OOA;

[1A = ANO[A;
AUB = BV(ANOAUB);
ARB = BA(AVOARB).

These equivalences are immediate, see Figure 14.4.
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Negation of temporal operators. These equivalences express the negations of temporal
operators in terms of other operators. They show that tiseaeduality betweeg) and [ ]
and a duality betweebl andR.

-0OA = O-4;
-0A = []-A4;
-[JA = (-4
-(AUB) = -AR-B;
-(ARB) = -AU-B.

Expressing operators throughU. Operators®, [ 1, andR can be expressed through

as follows.
0A = TUA;
ARB = ﬁ(ﬁAUﬂB).

This shows thaLTL without the operator$, [ ], R has the same expressive powel.a4..

Exercises

EXeERCISE14.1 Formalize the following statements about the vendiaghine example iV TL.

(1) If the beer storage becomes empty, it gets recharged dianedy.
(2) The beer storage becomes empty infinitely many times.

(3) The recharge transaction occurs infinitely often.

(4) Students never leave without a drink.

(5) Professors sometimes leave with a drink left in the dispe

(6) If a student forgets a coin in the coin slot, she (or anositedent) will use this coin to get a
drink before any professor can do this.

(7) If a professor forgets coins or drink at the machine,ghiermediately will be a student who
will come to the machine.

(8) If, when a professor arrives, there is a coin in the cait, $hen he leaves without getting a
drink.

(9) If a professor is currently at the machine, there will lbestudent at the machine for at least
the next three transitions. O

EXERCISE14.2 Express idTL the following properties (we assume a paghsy, . . .).

(1) If A occurs at least twice, thefh occurs infinitely often.

(2) A holds at all statess;, and does not hold at all stateg, 1, ssx+2, Wherek =0,1,....
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(3) If A holds at a state;, thenB must holds at at least one of the two states just befgrhat
is Si—1 andsi_g.

(4) A never holds at less than two consecutive states (thatdshiflds at a state;, it also holds
either at the state; . ; or at the state, ;). O

EXERCISE14.3 What are the properties expressed by the followiffy formulas?

(1) OLIA.

2) [1(A— OA).

(3) AU JA.

4) AU-A.

(5) AN LI(A—=OA). 0

EXeERCISE14.4 Find two different formulas from Exercise 14.3 that eageiivalent to each other.
O

EXERCISE14.5 Show that the following formulas are not equivalent lwng a path that satisfies
one of them but does not satisfy the other one:

1) ¢ JAand[J(A — OA),
(2) 0 JAand-AU [J4;
(3) [J(A— OA)and-AU []A. 0

EXERCISE14.6 Which of the formulas of Exercise 14.1 hold on every cotagion path from the
initial state for the vending machine example? Which of therd on some computation path&?

EXERCISE14.7 Consider a Kripke structure with the following sta@nsition graph.

[

~ -

The initial state is the top one. Which of the following forlasiare true on all paths?
(1) Ox=0vy=0);
(2) Loy =0);
@) Loy =1);
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@) Okx=1—-0y=1)
Explain your answer. O

EXERCISE14.8 For the Kripke structure of Exercise 14.7, answer theviing questions.

(1) Does the formula = 1 symbolically represent the set of initial states?

(2) Find a symbolic representation of the transition relati

O

EXERCISE14.9 Let the formula: symbolically represent the set of initial states and thenfda
x — -z’ the transition relation of a Kripke structufé over{z}.

(1) Draw the state transition graph Af.
(2) Draw a path forx'.
(3) Which of the following formulas are true along all pathd{?
@) Uz « O-z);
(b) [I(z < OO—z);
() U(z < OOx). 0

EXERCISE14.10 Let the formulaz A y symbolically represent the set of initial states and the
formula(a’ «< —z) A (¥ < (z < y)) the transition relation of a Kripke structufé over{z}.

(1) Draw the state transition graph Af.

(2) Draw a path forK.

(3) Which of the following formulas are true along all pathd{?
@) Uz < O-z);
() [I(z < OOx);
(©) Oy < OO-w).

(4) Show that for every formul&’ the formula[_J(F <~ O OOO F) holds along all paths in
K. O
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