Chapter 3

Propositional Logic

True/false questions present a statement, and promptuitiergtto
choose whether the statement is truthful. Students typibave a
great deal of experience with this type of question. ... Talse
guestions are among the easiest to write, and can be sce®d el
tronically.

University of Wisconsin, Teaching Academy

There are no real boolean values in Perl. Still every valuiReir is
either true or false.
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In this chapter we are dealing with propositional logic. Wssatibe its syntax and
semantics, and introduce the key notionsatisfiability, validity, andequivalence

A more detailed exposition of propositional logic may berfdun standard textbooks
on mathematical logic, e.g. Kleene [1952], Smullyan [1968k and Chang [1973], Gallier
[1986], and Fitting [1996].

In propositional logic the main objects we are dealing with @ropositional) formulas.
They formalize a mathematical analogue of the notion of psdn (assertion, statement,
sentence). Intuitively, a proposition is anything that baneither true or false. When we
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30 3.1 Syntax

Connective Name Priority
verum
falsum
negation
conjunction
disjunction
implication
equivalence

1 1 <>1F4
A OWDNDNPE

Figure 3.1: Connectives

manipulate with formulas of propositional logic, we abstraway from the concrete mean-
ing, or contentof propositions. That is, we consider them only from an aus$tviewpoint,
so that the meaning of complex propositions is defined ingesfithe meanings of simpler
ones.

3.1 Syntax

Propositional formulas are written in a propositional laage. To fix a propositional lan-
guage, we fix a countable sét, whose elements will be calledoolean variablesand
denoted by, g, r.

DEeFINITION 3.1 (Formula) Propositional formulasare defined inductively as follows:

(1) Every boolean variable is a formula, also calidmic formula or simplyatom
(2) T and_L are formulas.

(3) If Ay,..., A, are formulas, where > 2,then(A; A...AA,)and(A; V...V A,)
are formulas.

(4) If Aisaformula, themA is a formula.

(5) If AandB are formulas, thefA — B) and(A < B) are formulas.

The symbolsT, L, A, V, =, —, and« used to build formulas are callednnectives [0

Note that we gave an inductive definition of propositionairialas in the sense of Sec-
tion 2.7. The connectives are simply the constructors & thdluctive definition. The
connectives\ andV arevaryadig that is, they do not have a fixed number of arguments.
The names of all connectives are summarized in Figure 3.1wilVsometimes call
formulas by the names of their main (outermost) connectioe.example, we will say that
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a formula A, v ... v A, is adisjunction (of formulas A4y, ..., A,). To make formulas
shorter, we will omit parentheses in them according to theddrd conventions given in
Figure 3.1 on the preceding page. Connectives with higherifes bind stronger: for
example,A; — Ay V A3 < —Ay means(A; — (Ay V A3)) <« —Ay. We will always
use parentheses to distinguish connectives of the sanméyrieor example, we will never
write p V ¢ A r, since this formula can denote bathV ¢) A r andp V (¢ A r). Likewise,
we will never writep — g — r orp < q < r.

3.2 Semantics

So far we have only defined the syntax of propositional logithout giving any meaning
to formulas. In real life, the meaning of propositions exsed in natural language depends
on the current situation, or the state of the world. For eXefnthe proposition

this book is written in a foreign language (3.1)

may be true under some circumstances and false under othersithation is similar for
other simple (atomic) propositions, for example

this book has a red cover. (3.2)

For more complex propositions, their meaning may also dépernthe current state of the
world, but in a slightly different way. For example the prsjimn “this book is written in
a foreign language and has a red cover” is true for some bouk$aise for others, but it is
true for every book for which propositions (3.1) and (3.2 hoth true.

This can be summarized as follows.

(1) The meaning of simple, atomic propositions depends eir thterpretation in the
current world.

(2) The meaning of more complex propositions depends on #ening of their compo-
nents.

The semantics of propositional logic is based on these twanagtions. Formally, the
semantics is defined through the notionirderpretation An interpretation assigns values
to boolean variables. These values are used to define the values of arbitrarily Emp
formulas, based on the values of these components.

DerINITION 3.2 (Boolean Value, Interpretation, Truth) bdolean valuealso called &ruth
value is eitherl or 0. A interpretationfor a set of boolean variableB is a mapping from

!Remember that boolean variables in propositional logicimended to be formal analogues of simple,
atomic propositions.

Time 9:40 draft February 7, 2008



32 3.2 Semantics

— 11 0 —~ |1 0
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Figure 3.2: Operation tables for connectives

P to the set of boolean valudg,0}. We can say that boolean variables enterpretedas
boolean values. Interpretations will also be caliedh assignments

We will now extend interpretations to arbitrary propositb formulas. The definition
is by induction.

(1) I(T)=1andI(Ll) =
(2) I(A; .NA,)=1ifand only if [(A4;) = 1 for all 7.

(
(
() I(A1 V...V A,)=1ifand only if I(4;) = 1 for somei.
(4) I(-A)=1lifandonlyifI(A) =

(5) I(A— B)=1ifandonlyifI(A) =0orI(B) =

(6) I(A— B)=1ifandonlyifI(A) = I(B).

If, for a formula A and interpretatior, we havel(A) = 1 (respectively,/(A) = 0), we
say thatA is true (respectivelyfalsg in I, denoted by = A (respectively] # A). O

Essentially, an interpretatioh evaluates each formuld to a truth value, so we can speak
about thevalueof A in I, that isI(A). Note that the truth value of a compound formula is
uniquely determinedy the truth values of its components. Therefore, logicalnectives
can be alternatively considered as functions on truth galliee notion of truth can then be
illustrated by so-calledperation tabledor all connectives which define the truth value of
a compound formula using the truth values of its componerte. operation tables for all
connectives are given in Figure 3.2. For convenience, wg cmhsider conjunctions and
disjunctions of two formulas.

Natural language sentences, even the simplest ones, mawytigumus, so it may be
difficult to say whether they are true or false. For exampteesee (3.2) is not necessarily
true or false. What if the cover is mainly red, but also hagotiolors? What if the color
is between red and orange, but very close to red? There is ke wdrye of logics studied
in philosophical logic in which there are more than two trugtlues? or even an infinite
number of truth values, but we will not consider these logidhis book.

It will sometimes be convenient for us to usepty conjunctionanddisjunctions The
empty conjunction is true in every interpretation, while thmpty disjunction is always
false.

2For example “true”, “false”, and “unknown”.
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3.3 Satisfiability, Validity, and Equivalence

In this section we introduce the key notion of satisfiabitiffformulas and sets of formulas
and some related notions.

DeriNiTION 3.3 (Model, Satisfiability, Validity, Equivalence) If a fmula A is true in an
interpretation/ we say thatl satisfiesA. We also say thaf is amodelof A. A formula A
is satisfiable(respectivelyyvalid) if it is true in some (respectively, in every) interpretati
Valid formulas are also callethutologies Two formulasA and B are calledequivalent
denotedA = B if every model ofA is a model ofB, and vice versa, every model 6fis a
model of A. O

We generalize the notions of satisfiability and model to skfermulas as follows. We say
that an interpretatiod satisfies a set of formulas, denoted byl E S, if it satisfies every
formula inS. If I E S, we also say thal is amodel ofS. A set of formulas is called
satisfiableif there exists an interpretation which satisfies every fadanin this set.

Consider examples. Letbe a boolean variable. Then the formpla. —p is unsatis-
fiable. Each of the formulag and —p is satisfiable but not valid. The formufav —p is
valid.

For propositional formulas, the notions of satisfiabiliglidity, and truth in an inter-
pretation coincide. This will not be the case for more gelrdesses of formulas introduced
later in this book. The notions of satisfiability and valjd#re central in logic Automated
reasoningis a branch of computer science that deals with mechanizedoae of estab-
lishing satisfiability or unsatisfiability of sets of forrad and related questions.

Itis not hard to argue that two formulasand B are equivalent if in every interpretation
their values coincide, that is, for every interpretatiowe havel (A) = I(B).

ExAmMPLE 3.4 For all formulasAd and B, the following equivalences hold.

A— 1 = -A4; (3.3)
T—-A = A (3.4)
A— B = —(AA-B); (3.5)
AANB = —(-AV-B); (3.6)
AvB = -A— B. (3.7)

Consider, for example, the first pair of formulas,— 1 and—A, and let us show that they
are equivalent. Take any interpretatién If I = A, thenI(A — 1) = 0 = I(—A). If
I'¥ A thenI(A — 1) =1 = I(—A). In both cases we hav§A — 1) = I(—A), so
A — 1 =-A. We will show later how to verify such equivalences in gehera g

Let us note the following trivial, but useful, fact showirtat the problems of checking

equivalence, validity, and satisfiability can be regardehstances of each other, in a sense.
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3.3 Satisfiability, Validity, and Equivalence

LEMMA 3.5 (i) A formula A is valid if and only if—A is unsatisfiable. (ii) A formulad
is satisfiable if and only if-A is not valid. (iii) A formulaA is valid if and only ifA is
equivalent toT . (iv) FormulasA and B are equivalent if and only if the formuld < B is
valid.

PROOFE We will only prove property (iv). To prove the “only if” dirdion, suppose thai and
B are equivalent. Take any interpretatibnlIf I = A, then by the equivalenceé= B, and hence
IE A« B.If [ ¥ A, then again by the equivalenéé? B, and hencd = A — B. In both cases
we havel F A «— B, soA < B isvalid. To prove the “if” direction suppose thdt« B is valid.
Take any interpretatioh. We havel F A — B. By inspection of the operation table fes (see
Figure 3.2 on page 32) one can see that A if and only if I £ B, so A andB are equivalent. [

Although complexity-related questions are beyond the s@dphis book, we would like to
note that this lemma also shows that the problems of chedkdhdjty and equivalence are
polynomial-time equivalent. In fact, validity and equieate checking are coNP-complete
problems, while satisfiability checking is NP-complete.isTimplies a subtle difference
between checking satisfiability and checking unsatisitgbidf a formula. To establish
satisfiability of a formula4, it is enough to findsomeinterpretation that satisfied. To
establish unsatisfiability, one has to check tHais false inall interpretations. Strangely
enough, this observation may be used to build algorithmshvban sometimes establish
satisfiability of a formula but can never establish unsaiisfity.

For example, consider the following algorithm. Given a msifional formulaA with
variablespy,...,p,, do the following. Selectandomly boolean value$.,...,b, for
1, ...,Pn, fOr example, by tossing a coin. This gives us a “random”rjgrietation] =
{p1 — b1,...,pn — by}. If I E A, then a model ofd is found, so terminate and re-
turn “satisfiable”. Repeat this procedure some number adgiand no model was found,
return “l don't know”. Even if we repeat this procedure a lEmgumber of times, there is
no guarantee thad is unsatisfiable. We can claim thdtis unsatisfiable only with some
probability.

Consider now satisfiability checking sétsof formulas. Foffinite sets one can reduces
satisfiability checking to satisfiability checking for foatas using the following lemma.

LEMMA 3.6 LetS = {A;,..., A, } be a set of formulas. The#is satisfiable if and only
if the formulad; A ... A A,, is satisfiable. O

The relations between satisfiability and validity fiofinite sets of formulas are not that
straightforward and will be investigated later. Though magtice we do not deal with
infinite sets of formulas, they will still be useful when wesdliiss satisfiability and validity
for first-orderformulas. In many cases the semantics of finite sets of fi#rdormulas can
be conveniently characterized by the semantics of infigte of propositional formulas.
Obviously, if an interpretatiod satisfies an infinite set of formulas it also satisfies
every subset of. It is interesting that satisfiability of infinite sets of foulas can be char-
acterized in terms of satisfiability of finite sets as followssetS of formulas is satisfiable
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if and only if every finite subset of' is satisfiable too. This property is calledmpact-
nessand proved in Theorem 7.28. Note that compactness has aegtitg corollary: if an
infinite setS of formulas is unsatisfiable, then it containBrate unsatisfiable subset.

3.4 Subformula

The value of a compound formula is uniquely determined, giive operation tables, by
the value of its components, or itamediate subformulas

DeFINITION 3.7 (Subformula) The notion afubformulaandimmediate subformulaf a
formula is defined inductively as follows.

(1) The formulasdy, ..., A, are the immediate subformulas of the formukasA ... A
A,andA; V...V A,.

(2) The formulasA is the immediate subformula of the formuted.

(3) The formulasA,, A are the immediate subformulas of the formulés — A, and
A — A,

(4) Every formulaA is a subformula of itself.

(5) If Ay is a subformula ofd, and A, is an immediate subformula ofs, thenA; is a
subformula ofAs;.

A subformulaA of B is calledproperif A # B. O

For example, the formula; — ps A p3 A =p1 has the following subformulagiy, ps, ps,
—p1, p2 A p3 A —p1, and the formula; — ps A p3 A —py itself. Its immediate subformulas
arep; andps A p3 A —p1.

It is not hard to argue that the subformula relation is a réfteand transitive closure of
the notion of immediate subformula. The notions of subfdenaind immediate subformula
can be obtained by specializing the general notions of egge and subexpression, see
Section 2.7.1, to formulas.

Let us now prove several properties of truth, satisfiahiétyd validity. These properties
will be used, explicitly or implicitly, in justifying satibility-checking algorithms. One
of the most important properties for us is that the semanfiésrmulas is preserved under
equivalence.

Since the truth value of a formula in an interpretation isquely determined by the
truth values of its immediate subformulas, we have the falig result.

LEMMA 3.8 (Equivalent Replacement)et I be an interpretation, a formulal; be a sub-
formula of a formulaB; andI £ A; <« As. Let the formulaB; be obtained fromB; by
replacement of one or more occurrencesdgfby As. Thenl E By < Bs. O
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3.5 Evaluating a Formula in an Interpretation

Note that using the notation introduced in Section 2.7.3 arereformulate this lemma as
follows: if I £ Ay < As, thenl E B[A;] < B[As]. This lemma immediately implies the
following theorem.

THEOREM 3.9 (Equivalent Replacement)et A; be a subformula of a formul&; and
A; = A,. Let the formulaB; be obtained fromB; by replacement of one or more occur-
rences ofd; by A>. ThenB; = Bs. 0

3.5 Evaluating a Formula in an Interpretation

In this section we consider how to evaluate a formula in aarpretation. This can be
formalized as the following decision problem.

DEFINITION 3.10 (Formula EvaluationJormula Evaluations the following decision prob-
lem. An instance is a pai4, ), whereA is formula and! is an interpretation. The answer
is “yes” if I E A. O

This decision problem has a close relation to the so-caliedit value problem discussed
below.

We can evaluate formulas in interpretations by a straigiveiod use of the definition of
the value of a formula. To this end, we can first evaluate ithé@diate subformulas, and
then evaluate the formula itself using the operation tabfdsgure 3.2 on page 32. Let us
try to evaluate some formulas.

EXAMPLE 3.11 Consider the formula = (p — ¢) A (pAgq — ) — (p — r) and
consider the interpretatioh = {p +— 1,¢q — 0,7 — 1}. Put all the subformulas of this
formula in a table in such a way that every formula is abovefaills proper subformulas,
see Figure 3.8. Then evaluate all the subformulas starting from the smafiess (in the
bottom of the table).

For example, the formulép — ¢) A (p A ¢ — ) on line 3 is the conjunction of the
formulasp — ¢ andp A ¢ — r situated on lines 5 and 4, respectively. Since the formula on
line 5 has the valué and the formula on lind has the valud, their conjunction evaluates
to 0. O

Observe that it is not necessary to evaluate all the subfasraf a formulaA in order
to obtain the value ofA. Consider, for example, the formula of Example 3.11. Sinee w
know thatr is true in 7, we can immediately obtain that — r is true in I, too (see
the operation table for the implication). Likewige,— r implies that the whole formula
(p = ¢ ANpPAqg— 1) — (p— r)is true. Therefore, instead of evaluating all the
subformulas ofA it was enough to evaluate only three subformulas, includingself.
Moreover, it even was not necessary to know the valugsasidq: the formula is true in
everyinterpretation in whichr is true.

3For a better illustration, we repeat subformutag andr having multiple occurrences in the formula.
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subformula value
1= APAg—T7)—(p—T) 1
2 pD—T 1
3l p—=aNPAg—T) 0
4 pAqg—T 1
5| p—ygq 0
6 pAq 0
71 p p P 1
8 q q 0
9 T r 1

Figure 3.3: Evaluation of formula using truth tables

3.6 Evaluating Formulas Using Simplification Rules

In this section we will show that evaluation of a formula candmne in a purely syntactic
way. We will introduce a rewrite rule system which can be usedvaluate formulas in
interpretations. To this end, we make the following obsirwa Suppose that we evaluate
A'in I and a subformuld of A is true inl. In this caseB andT have the same truth value
in I, so can replac# by T without affecting the truth value ol. Likewise, we can replace
any subformula having the val@edy | .

Using this observation, we can evaluate propositional tdasin an interpretatioih as
follows:

(1) For every atomp true inI replacep by T; for every atony false inI replaceg by L.

(2) Use the rewrite rules corresponding to the operatiolesatf Figure 3.2 on page 32
to simplify the resulting formula. For example, the rewrnitdes for — have the
following form?*

T—=T = T; T—1 = 1;
1T = T; T—->1 = 1.

Note that every rewrite rule replaces a subformula by anvetprit one, so the value
of the formula will not change.

(3.8)

(3) If the formula finally rewrites intor, then it is true; if it rewrites intal, then it is
false.

We can use a stronger form of rewrite rules for formula ev@ua The idea can be
illustrated by rewrite rules (3.8) for the implication. NothatA — T is equivalent to

“We do not give here the complete list of all the rewrite rutgsce later we will introduce their simplified
version.
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TA.LAT = T TVAV...VA, = T
1IANAIN...NA, = L lv..vlL = 1
-T = L
1L =T
AT = T Tel=T
T 1 = L
1l—-A4=T
Tl = 1 Lol =1
1l 1l =T

Figure 3.4: Rewrite rules for formula evaluation

T independently of thed. Likewise, . — A is equivalent toT independently ofA.
Therefore, we can replace the four rewrite rules of (3.8) H®y following three rewrite
rules:

A—-T = T; 1—-A4 = T; T—1 = L1

These rewrite rules use the variablganging over arbitrary propositional formulas.

The rewrite rules for evaluating a formula are given in FegGt4. They are defined
modulo permutation of arguments afandv. That is, we do not distinguisA; A ... A A,
from any formulad;, A ... A 4;, , where the sequendg, ..., i, iS a permutation of the
sequencd,...,n. For example, we treall; Vv As V A3 and A3 vV A vV A, as the same
formula.

The algorithm for evaluating formulas is given in Figure 8rbthe next page.

ExAMPLE 3.12 (See Example 3.11 on page 36.) Consider again the farmut (p —
q)AN(pANq—r)— (p— r)and the interpretatiod = {p — 1,q — 0,7 — 1}. Letus
evaluateA in I using the Formula Evaluation Algorithm. According to thgaithm, we
first replace the true atoms By, and the false ones hy. We obtain the formula

(T>LUA(TAL->T)—=(T—>T).

Then we apply the rewrite rules to obtain its normal form. @assible sequence of rewrit-
ings is as follows:

(T>LA(TAL=>T)=(T—>T) =
(T>LUOA(TAL->T)=T =
T.
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procedure evaluate(G, I)
input: formulaG, interpretation/
output: a boolean value

begin
forall atomsp occurring inG
if I(p) =1

thenreplace all occurrences pfin G by T
elsereplace all occurrences pfin G by L
rewrite G into a normal form using the rewrite rules of Figure 3.4
if G = T thenreturn 1 elsereturn 0
end

Figure 3.5: Formula Evaluation Algorithm

Another possible sequence of rewritings is as follows:

(T=LUDA(TAL->T)=(T—>T) =
IAN(TAL-ST)=(T—->T) =
1—-(T—>T) =

T.

Note that both sequences yield the same answer (see Ex@rtjse O

3.7 Propositional Formulas and Boolean Circuits

There exists a close resemblance between propositiomalifas and boolean circuits.

Correspondence between circuits and formulas. Boolean fuations. Can all boolean
functions be represented by circuits/formulas? Traditioral questions related to boolean
circuits: given two boolean circuits, are they equivalent?Given a circuit, does there
exist an equivalent circuit of a smaller size?

Exercises
Formalize some sentences.

ExXerRcISE3.1 The following formula has its parentheses removed aaegto the priorities given
in Figure 3.1 on page 30. Restore the parentheses.

—p1 — T2 <> p3 A Ppa. O

ExXeRcCISE3.2 Find all positions in the formula of Exercise 3.1. O
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3.7 Propositional Formulas and Boolean Circuits

EXeRcCISE 3.3 Which formulas have no immediate subformulas? O
EXeERCISE 3.4 For each of the following formulas, write down all of theuibformulas.

—p1 — P2 < P3 A P4 0
PATNg—DpNVgVr.

ExXERCISE3.5 Evaluate each of the formulas— (¢ < r) and(p < ——¢q) < rVpV —qin
the interpretatiodp — 0,q — 1, — 0} using (i) the table-based method of Example 3.11; (ii) the
rewriting-based algorithm of Figure 3.5. O

EXERCISE3.6 Represent as a formula the boolean funcficof three argumentg,, ps, ps with
the following operation table:

p1 p2 p3 | f(p1,p2,p3)
0 0 0 0
0 0 1 0
0 1 0 0
0 1 1 0
1 0 0 1
1 0 1 1
1 1 0 0
1 1 1 1

Can you find a formula with this property that contains onlgthoccurrences of connectives?]

EXERCISE3.7 Prove that the Formula Evaluation Algorithm of Figurg 8n the preceding page
returns the same answer independently of the order of iiegritin other words, prove that the

rewrite rule system of Figure 3.4 is confluent. O
EXERCISE3.8 A propositional formul&(p1,...,p,) of atomsp, ..., p, is called aparity check
formulaif its models are exactly those that satisfy an even numbatashs among, . .., p,. Find
parity check formulas which contain exactly one occurresfagach atom. O

EXERCISE3.9 Show that the formulgs — (¢ — r) and(p — ¢) — r arenot equivalent by
finding an interpretation in which they have different truttiues. O
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