Chapter 5

DLL

Clause 8: No Title of Nobility shall be granted by the United
States: And no Person holding any Office of Profit or Trust unde
them, shall, without the Consent of the Congress, accephyf a
present, Emolument, Office, or Title, of any kind whateveopf
any King, Prince, or foreign State.

The United States Constitution
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In this chapter we describe DLL: a method of satisfiabilitecking. The name of this
method is due to its authors Davis, Logemann and Lovelan62[LDLL is the most pop-
ular method of satisfiability checking, implemented in a hemof systems. This methods
works not on arbitrary formulas, but on formulasdonjunctive normal formsor, equiva-
lently, sets ofclauses The notions of conjunctive normal form and clause are tuoed
in Section 5.1. In Section 5.2 we show how one can transformarhitrary formula to an
equivalent formula in conjunctive normal form. In the woesse, this transformation can
give a formula exponential in the size of the input. To coptianwhie problem of exponential
increase in size, we in Section 5.3 we define an alternafmitional transformatiorof
formulas to sets of clauses.
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5.1 Clauses

In Section 5.4 we introduce a special case of the satistyapiioblem for clauses, called
k-SAT, in which the length of clauses is restricted Ay

Sections 5.5-5.8 deal with DLL. In Section 5.5 we introdudes simplification rule
used by DLL calledunit propagation Section 5.7 describes a DLL algorithm. Finally, in
Section 5.8 we discuss two simple optimizations of clausts&ability checking methods:
tautology eliminatiorand thepure literal rule

5.1 Clauses

The splitting method has one disadvantage: arbitrary mitipoal formulas are difficult to
manipulate with efficiently. Nearly all methods of autonthteasoning, both in proposi-
tional and first-order logics, use a special kind of formutadledclauses The reasons for
using clauses are the following:

(1) The satisfiability problem for arbitrary formulas can teeluced to the satisfiability
problem for sets of clauses.

(2) Compared to arbitrary formulas, clauses are very simpley are easier to imple-
ment.

In clause-based satisfiability-checking procedures, ripatiformula or set of formulas is
first translated into a set of clauses, and then a clausaffiability-checking method is
applied to this set. We will first define another special kififbomulas, callediterals, and
then clauses.

DEFINITION 5.1 (Literal) Aliteral is either an atomA or a negationr— A of an atom. A
literal is calledpositiveif it is an atom, andhegativeotherwise. Theomplementary literal
to a literal L, denotedL, is defined by:
7 def —L, if Lis positive 0
"~ A, if L hasthe formA.
Note that literalg and—p are complementary to each other. Evidently, for everyditér

we havel = L.

DerINITION 5.2 (Clause) Aclauseis a disjunctionL; [_1. [CL},, n = 0 of literals. When
n = 0, the clause is calledmptyand denoted byl. Whenn = 1 we say that the clause is
unit. The clause i$lornif at most one of thd.;’s is a positive literal. The clause sitive

if all of the L;’s are positive, antiegativeif all of the L;’s are negative. O

Figure 5.1 illustrates this definition. Note the following

(1) every unit clause is Horn;
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clause | unit | Horn | positive | negative
O 1 1 1
P I 1
-p C 1 ] L1
p Lql L1
-p gl —1
-p —1 —1

Figure 5.1: Clauses

(2) a positive clause is Horn if and only if it is either unitempty;
(3) every negative clause is Horn.

Let us now consider how the previously introduced notionshss satisfiability, behave
in the case of literals and clauses. Obviously, an intesioet / satisfies a positive literal
p if and only I(p) = 1. Likewise, I satisfies a negative literalp if and only I(p) = 0.
An interpretation/ satisfies a clausé’ if and only if it satisfies at least one literal .
For this reason we assume tlia¢ empty clause is equivalent iqik., it is false in every
interpretation. We will use the empty clause instead_ahlsituations when we deal with
clauses instead of arbitrary formulas.

The empty clause is unsatisfiable. Evidently, every nontgrlpuse is satisfiable. Itis
easy to see that a clause is a tautology if and and only if itades a pair of complementary
literalsp and—-p. Indeed, every clause [=p [ Clis, obviously, a tautology. Conversely, if
a clauseC' contains no complimentary literals, one can define an ing¢gion/ such that

I ¥ C as follows: for every positive litergl of C' definel(p) % 0 and for every negative

literal ~q of C definel(q) % 1.

The problems of checking satisfiability or validity of a deglause are, therefore, triv-
ial. This is not the case for the problem of satisfiability efssof clauses. We will now show
that the satisfiability problem for arbitrary formulas isue@lent to the satisfiability prob-
lem for sets of clauses. To this end, we introduce the notibrsnjunctive and disjunctive
normal forms.

DeFINITION 5.3 (CNF, DNF) A formulaA is in conjunctive normal fornor simplyCNF,
if it is either Lol [,aF a conjunction of disjunctions of literals:

CLITT 1
A= LZ,]

i j

Likewise, A is in disjunctive normal formor simply DNF, if it is either [_dr [,_dr a
disjunction of conjunctions of literals:
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5.2 CNF Transformation

A formula B is called a conjunctive (respectively, disjunctive) notfioam of a formula A
if B is equivalent tad andB is in conjunctive (respectively, disjunctive) normal farni]

Let us show that the satisfiability problem for formulas in Eban be regarded as a
satisfiability problem for sets of clauses. Indeed, consiahy formula in CNF:
11
A= Li,j-

i=l.n j

—1
Denote byC; the ula j L; ;. Note that eaclt; is a clause, sol is a conjunction
of clauses:A = ;. ButthenA is satisfiable if and only if so is the set of clauses
{C1,...,Cy}. Thus, if we can effectively build a CNF of a formula, we cascateduce

the satisfiability problem for arbitrary formulas to theisgability problem for clauses.

5.2 CNF Transformation

We will now give an algorithm for building a CNF of a formulahit algorithm is defined
by a system of rewrite rules repeatedly applied to a formatd a CNF of this formula has
been obtained.

ALGORITHM 5.4 (Standard CNF Transformation) An algorithm transfargriormulas to
their CNFs is given by the rewrite rule system on formulasigfiFe 5.2. As usual, these
rewrite rules are applied modulo permutation of argumehtsahd L, Tbr example, we do
not make a difference between a formita 1. [CBl, and any formulaB;, 1. [CB},,
whereiq, ..., i, iS a permutation of, . . ., n. In addition, we use the following convention:
any formula(A; C_1 [CA},) [B] 1 B}, is identified withA; [_1 A4}, LBl [_1 [B},,
and similar for Cinistead of L1

The algorithm works as follows: given an input formula we apply the rewrite rules
to it until we obtain a normal form. O

We claim that the rewrite rule system is terminating and thatcomputed normal form is,
indeed, a CNF of5.

THEOREM 5.5 (CNF) (i) The rewrite rule system of Figure 5.2 is terminating.) (iet G
be a formula and>"be a normal form o€ w.r.t. this rewrite rule system. Theifis a CNF
of G. U

PROOF We leave the termination proof to the reader. It is not hardrgue that every rewrite
rule replaces a formula by an equivalent one, so by Equivdteplacement Theorem 3.8 is
equivalent taG. It remain to prove that’ is in CNF.

SinceG’ is irreducible, observe the following.
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Ao B [(hALR) (3B [CA), (5.1)

A- B [C3ALRB (5.2)

~(ACR) [3A =B, (5.3)

~(ACR) [3A =B, (5.4)

——A [A, (5.5)

(A, L CAy,) By L. 0B, 1A By L 08,) [1 (56)

(A, B3y . [B,).
Figure 5.2: Rewrite rules for the CNF transformation

* Neither (5.1) nor (5.2) are applicabled, soG’ contains no occurrences of, - .

< SinceG’ does not contain», - and (5.3)—(5.5) are not applicable®, negation inG’ is
only applied to atomic subformulas;

« Since (5.6) is not applicablé&;’ has no subformulas of the forfal; 1 [A),) CB] 1B}
form=2andn = 1.

It is easy to see that these properties guarante&zthiatin conjunctive normal form. U

ExXAMPLE 5.6 Consider the formula of Example 4.H{(p - ¢) [(d Cgd- ») - (p -
r)). We can rewrite it into CNF using the rewrite rules of Figur2 &s shown in Figure 5.3.
The main connective of the rewritten subformula in everyriestep is marked by shading
it, for example=.. Therefore, to check this formula for unsatisfiability, ateuld check
for unsatisfiability the set of clauses

{-p Cgl=p Crlp, —r}. O

If we have to check for satisfiability set.S of formulas rather than a single formula,
we can transform into a CNF every formula$hand take the union of the resulting sets of
clauses.

5.3 Clausal Form and Definitional Transformation

Consider the formula

p1 o (p2 « (p3 « (P4 - (ps < pe)))). (5.7)

If we try to compute a CNF of this formula using the rewriteerslystem of Figure 5.3, the
first rewriting step yields
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5.3 Clausal Form and Definitional Transformation

=((p - ¢) @ Cgl- r)=(p - 1))
=(=((p -~ @) @ Cql- 7)) Cpsr))
=(=((p - ¢ @ Cgl- 1)) )
==((p -~ q) L@ gl 1)) [=hp
(» - q) L@ Cql- r) C=—p [=F
(p=q) @ LCgl- r) Cpll=k

(—p Cg) @ Cgsr) Cpll=k

(=p Cg) [(=(p Cg) [r) Cpll =k

(=p Cg) C(Fp [r) Cpll=t

10000000

Figure 5.3: Rewriting into CNF

p1 - (P2 « (p3 = (Pa - (ps < pe)))) 1
(=p1 Ll - (p3 < (pa < (ps < pe)))))
C&E@p2 - (p3 « (P4 - (p5 < ps)))) Lpd).

The resulting formula contains two occurrences of the suiita p, - (p3 o (ps -
(ps - pe))). If we rewrite each of these subformulas using the rulesfomwe will obtain
four copies of the subformulas - (ps - (ps - ps)). In general, rewriting a formula
with many occurrences of may cause an exponential growth of the formula.

The question arises if there exists a more efficient CNF toamstion algorithm. The
bad news is that for some formulas their shortest CNF is expioad in the size of the
formulas. The good news is that the notion of CNF is too stramg) can be replaced by a
weaker notion.

One can obtain a shorter set of clauses than that obtaindaetetvrite rules of Fig-
ure 5.3 using the following idea of introduction @éfinitions Consider formula (5.7). Let
us introduce a new propositional variableand “define” it to be equivalent tps ~ pg
by adding the formulaa - (ps - ps). As soon as we have done so, we can replace the
subformulaps ~ pg of (5.7) by the “equivalent” formula. As a result, instead of formula
(5.7), we obtain the following set consisting of two formaila

{1 = 2 = (P3 = (P4 - n))),
n o (ps < pe)}.

It is not hard to argue that (5.7) is satisfiable if and onlydfis this set of two formulas
(see Lemma 5.8 below). However, note that the first formuthisfset is simpler than (5.7)
since it contains fewer occurrences of

The new variable: in this example acts as amameor anabbreviationfor the formula
ps « pg. The formulan « (ps ~ pg) can be considered agdefinitionof n.
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Note that by adding definitions we do not obtain a set of foamwgquivalent to the
original one. To demonstrate this, consider a simple exampétS be the set consisting
of a single formulgy. Then the models aof are all interpretationg in which p is true. If
we add a definition op to S, we obtain the sef”= {p,n - p}. The models ofS are
all interpretationsl in which both p andn are true. ThusS and S”are not equivalent:
for example, the interpretatiofp B 1,» B 0} is a model ofS but not of S Hence, we
cannot use introduction of definitions for finding conjuaetnormal forms.

The standard CNF transformation algorithm can give a foanwfilan exponential size
even for formulas without equivalences, see Exercise 5d justify the introduction of
definitions, we introduce a more general notion which candmiuo transform formulas
into sets of clauses.

DEFINITION 5.7 (Clausal Form) Le# be a formula. Itlausal formis a set of clauses
which is satisfiable if and only i is satisfiable. Likewise, a clausal form of a $ebf
formulas is a set of clauses which is satisfiable if and on$pifsS. g

Note that the notion of clausal form is fundamentally difier from that of CNF. In the
definition of CNF we require that CNF of a formulé be equivalent ta4, while in the
definition of clausal form we only require thdtand its clausal form are equally satisfiable.
This implies that every formula or set of formulas has a poigrally short clausal form.
Indeed, if a formulad is satisfiable, then the empty set of clau§pss a clausal form ofd.
If Ais unsatisfiable, thefiC} is a clausal form ofd. However, to find one of these clausal
forms is computationally hard, since we have to check whiethis satisfiable. Therefore,
we will be interested in clausal forms which are not hard tiddoun addition, if a formula
turns out to be satisfiable, then we also want to find a modelagtats of this formula, so
in practice we are interested in clausal forms whose modgide used to find models of
the original formula.

The use of names and definitions is justified by the followgmma.

LEMMA 5.8 Suppose that is a set of formulas an® be a formula. Let be a boolean
variable not occurring inS or B. ThenS is satisfiable if and only if so is the set of formulas

S (& - B}.

PROOF The “if” direction is obvious: every model & [{& ~ B} is also a model of.
Let us prove the “only if” direction. Suppose thgis satisfiable. Then it has a modelDefine
the interpretatior’ by setting the value of to be the same as & as follows:

I:.r'(B) if
! dﬁf 3 | q = TL,
o) = I(g), otherwise

Sincel’ agrees withl on all atoms different frorn andn does not occur irf, thenI’ is also a
model of S. For the same reason we hat@3) = I'(B). But by the definition ofl’ we have
I'(n) = I(B), sol’(n) = I'(B). Therefore[’ also satisfies, ~ B. U
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5.3 Clausal Form and Definitional Transformation

Note that the condition that the boolean variaplis fresh forS is essentially used in the
proof, see Exercise 5.3.
The proof of this lemma also gives us a correspondence betmedels ofS and those

of S7¥ g [({& ~ B}. Indeed, every model §"is also a model of. Likewise, every

modelT of S can be turned into a model 6fby definingl(n) & 1(B).

The use of this lemma is immediate. If we haves B, then by Equivalent Replace-
ment Lemma 3.8 every occurrence Bf can be replaced by. In particular, if B is a
complex formula having many occurrences in the$ete can obtain a set of formulas of
a smaller size. We will say that the new boolean variabie anamefor the subformula
B, hence the technique based on the introduction of such dgrigosometimes called the
naming techniqueWe will also call the new formula ~ B adefinitionof n.

The most obvious use of the naming technique is the followiiagevery “non-trivial”
subformula occurring in the set of formul&sintroduce a name for this subformula, replace
the subformula by its name, and a add the corresponding titerfind S

ALGORITHM 5.9 (Definitional Transformation) This algorithm conveatformula A into
a set of clauses such thatS is a clausal normal form ofl.

If A has the formC; 1. [C4d,, wheren = 1 and eachC; is a clause, thety def
{C1,...,C,}.

Otherwise, for each subformulB of A such thatB is not a literal, introduce a new
boolean variablewg. Define a functionn (the name function) on subformulas df as
follows: — . .

n(B) def B, ifBis g literal
pB, Otherwise

Note thatn(B) is always a literal. Introduce also the functioGB) which returns the literal
complementary ta(B). Again, note that:(B) is always a literal.
Now, for each newly introduced symbpk do the following.

(1) If B has the formB, [_1. [Bl,, then add ta5' the clauses obtained by transforming
into CNF the formulepp - n(B1) L. [Cn(B,,),i.e.,

—pp [n(By),

—PB II(Bm)v
n(By) L. [a(By) Lpk.

(2) If B has the formB;, [_1. [CBl,, then add ta5 the clauses obtained by transforming
into CNF the formulepp - n(B1) L. [Cn(B,,),i.e.,

—pp [n(B1) L1 [a(By),
n(B1) Cpk,

n(Bm) Lpk.
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(3) If B has the formB; - B>, then add td5 the clauses obtained by transforming into
CNF the formulapg - (n(B1) - n(B»)), i.e.,

—pp [0(B;) [olBs),
n(B1) Lpk,
n(B2) Cpk.

(4) If B has the form~ Bz, then add ta5 the clauses obtained by transforming into CNF
the formulapg - —n(By), i.e.,

—pp [0(By),
n(B1) Lpk.

(5) If B has the formB; ~ B>, then add ta5 the clauses obtained by transforming into
CNF the formulapg - (n(B1) - n(B»)), i.e.,

—pp [0(B;) [olBs),
—pp [alB,) [nalBy),
n(B1) [olB;) [pk,
n(B1) [alB,) Cpk.

Strictly speaking, the standard CNF transformatiorpgf « (n(B1) - n(B2))
introduces also two tautologieg(B1) [n{B1) [pk andn(B2) [(n(B2) [pk, not
included in this set.

Finally, add toS the unit clause 4. O

Consider an example.

ExAMPLE 5.10 Take the (unsatisfiable) formula of Example 44d(p - ¢) L Cgl-

r) - (p - r)). We will use the new boolean variablgs, p,, . .. to name the non-literal
subformulas of this formula. The subformulas, their naraad,the corresponding formulas
to be transformed to CNF are shown in Figure 5.4. O

The definitional transformation can be improved by one olzeEm related to the po-
larities of subformulas: if a subformulB has only positive or only negative occurrences
in a set of formulasS, then it suffices to use only “one half” of the definitipn~ B, i.e.,
eitherp -~ BorB - p.

LEMMA 5.11 LetS be a set formulasi a formula, andy a boolean variable not occurring
in S, B. Let SYbe a set of formulas obtained frof by replacing one or more positive
(respectively, negative) occurrencesidfn S by p. ThenS is satisfiable if and only if so is

SULIp — B} (respectivelyST[IB - p}). a
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5.3 Clausal Form and Definitional Transformation

formula to be
transformed
subformula to CNF clauses

b1

| (-9 @Lyd-7)->(p-71))|p1e P2 —p1 [=ho
p1 L by
P2 - L@Lgl>71) > (1) | p2o (p3 - p7) | "p2 [=bs [pd
p3 b2
—p7 [ _bo
P3 (» - ¢) L@ Lgl> 1) p3 < (pa [pd) | —p3s Chy
—p3 [bs
—pg [=bs [pd
D4 P-q ps - (p - q) | —pa [=p L[gl
p [ hg
—q [ by
s p Lgl- r ps < (ps - 1) | —ps [=hs L]
pe L _bs
-r [ ps
D6 p gl pe « (» Lg) —-ps b
-ps L}
-p [=h LCpd
p7 p-r |pre@-r1) |-pr[=p [l
p L by
-r b7

name

Figure 5.4: Definitional transformation applied to the faten=((p - ¢) C(d Cgl- 7) -
(- 1)

PROOF We will prove this lemma only for the case of the positive atences ofB, the other case
is similar. Suppose thd is satisfiable. Then by Lemma 5.8 the $ét[{p ~ B} is satisfiable
too. But every model of’ [{p ~ B} is obviously a model of’ [{p - B}, soS’ [{p - B}is
satisfiable too.

Suppose now tha’ [{g - B} is satisfiable and show théatis satisfiable too. Take any model
Iof S’ g » B}. We claim thatl is also a model of. To this end we have to show thasatisfies
each formulad Sl TakeA [CSl then by the definition of’ there exists a formula’ S such
that A is obtained fromA’ by replacing some occurrencespoby B. But all occurrences gf are
positive, and we havé [CA’ andl [pl- B, so by Lemma 4.12 we have [A. U

Using this lemma, we can optimize the definitional transfation so that it introduces
fewer clauses when some subformula has only positive ormedgtive occurrences.
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ALGORITHM 5.12 (Optimized Definitional Transformation) This alghnit converts a for-
mula A into a set of clause§ such thatS is a clausal normal form ofi. It is defined in
the same way as Definitional Transformation Algorithm 5.8ept that the clauses intro-
duced for every symbalp are defined as follows. IB has occurrences id of polarity

0 or has both positive and negative occurrences, then thsedaare defined exactly as
in Algorithm 5.9. Otherwise, they are defined depending @nfthm of B, as explained
below.

(1) If B hasthe formB; [_1. [Hl,, then add ta5 the clauses as in the following table:

polarity +1 polarity —1

pp - n(B1) L. [ndBy,) | n(B1) L. [nlB,,) - pB
—pp [nl(B1), n(B1) L. [a(By,) Cok.
—PB Iﬁ(Bm)

The first row of this table shows the polarity of all occurresof B. The second row
shows, for each polarity, the formula that is to be transkmo the set of clauses.
The third row shows the clauses obtained by applying thedatr@CNF transforma-
tion to this formula.

(2) If B hasthe formB; [_1. [Hl,, then add ta5' the clauses as in the following table:

polarity +1 polarity —1
pp - n(B1) L. [n(B,,) n(B1) [ [a(By,) - pp
—pp [n{B;) 1 [n{B,,). | n(B1) [pk,

n(Bm) Lpk.

(3) If B has the formB; - B>, then add td5 the clauses as in the following table:

polarity +1 polarity —1

pB - (n(B1) - n(B2)) | (n(B1) » n(B2)) - ps
—pp [0(B1) [al(Bz). | n(Bi1) Cpk,

n(Bz) Lpk.

(4) If B has the fornn By, then add to5 the clauses as in the following table:

polarity +1 polarity —1
pg - n(B1) | -n(B1) - pB
—pp [0(B1). | n(B1) Cpk.
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° ? formula to be

% r_g transformed

c subformula a to CNF clauses

P1

p| (- L@Lg-1)>(pp-7) |+l |p1 - p2 —p1 (=,

P2 p-@Cgl->7r)->@->7r) | 1| ®3->p7) >p2| p3 Lo
—p7 b

P3 (» - ¢) L@ Lgl- 1) +1 | p3 > (pa Cpd) | ~p3 by
—p3 [_bs

P4 P-4 +1 | ps - (-q | -psl=p gl

Ps p Lgl- r +1|ps > (pe - 1) | 7ps [=hs [l

P6 p L4l -1 ( Ly - ps -p Lpd

p7 p-r | “1](-71)-pr p by
A

Figure 5.5: Optimized definitional transformation appliedhe formula=((p - ¢) [(d [
q-71)->@-r)

(5) If B has the formB; « B>, then add ta5 the clauses as in the following table:

polarity +1 polarity —1

ps - (n(B1) < n(Bp)) | (n(B1) - n(B2)) - ps
—pp [0(B1) [a(By), | n(B1) [ulB;) Lpk,
—pp [0lB,) [olB1). | n(Bi) [alB;) Cpk.

Finally, add toS the unit clause 4. O

ExAMPLE 5.13 Consider the formula of Example 5.18((p - ¢) (3 Cgd > r) -
(p - r)). The optimized transformation applied to this formula ligstrated in Figure 5.5.
Compare the resulting set of clauses with the one obtaingtidogtandard transformation,
see Figure 5.4. O

In both examples of this section, the definitional transfation generated a set of
clauses larger than the one obtained by the standard cfanseiransformation. In general
this is not true. It is not hard to prove that the size of thaus¢é form obtained by the
definitional transformation is polynomial in the size of thput formula, see Exercise 5.2.
The size of a clausal form generated by the standard CNFaramgtion algorithm is, in
the worst case, exponential in the size of the input formula.
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5.4 SAT andk-SAT

By using definitional clausal form transformation one caguee, in polynomial time, the
satisfiability problem for propositional formulas to theis@ability problem for clauses.
The satisfiability problem for clauses has its own name.

DEFINITION 5.14 (SAT) SATis the following decision problem. An instance is a finite set
of clauses. The answer is “yes” if this set is satisfiable. O

In the rest of this chapter and in the following chapters witlvé interested in algorithms
for solving SAT. Let us introduce special cases of SAT in white number of literals in a
clause is restricted.

DEFINITION 5.15 (k-SAT) Let k be a positive integer. By A-clausewe mean a clause
with exactly k literals. Anyk-clause fork = 1 can also be considered Ast 1-clause by
duplicating a literal in this clause. For example, the 2iskp can be equivalently
represented as the 3-claysd_pll=l. By k-SATwe denote the satisfiability problem for
set of clauses having at mdstiterals. O

With respect to the complexity, the following is known ab&uSAT:
(1) 2-SAT can be solved in polynomial time.
(2) k-SAT for k = 3 is NP-complete.

We will show a simple reduction of the satisfiability probldor propositional for-
mulas to 3-SAT. This reduction can be used to establish ##8ABis NP-complete. We
have already shown that, using definitional transformatime can reducethe satisfiabil-
ity problem for arbitrary formulas to the satisfiability fslem for clauses. Suppose now
that we have a se§ of clauses and would like to find a s8tof 3-clauses such that is
satisfiable if and only if so i$" This can be done using the naming technique Suppose that
S contains a claus€' = L; Ly Lk [l [L}, having more than three literals. Take a
boolean variable not occurring inS and replace the claudg [7.}3 [7.3 1 [L}, by two
clauses-p L} L} andp L L1 [L},. The former of these clauses has exactly three
literals, the latter one literal less thah Therefore, after a number of such transformations
we will obtain a set of clauses with at most three literalsingshe same arguments as in
the proof of Lemma 5.11, we can show that the transformatiesguves satisfiability.

5.5 Unit Propagation

The use of sets of clauses instead of arbitrary formulasvalles to use a new kind of
simplification, calledunit propagation Consider, for example, the s€f clauses obtained
from the unsatisfiable formuta((p - ¢) L@ Lgl- ) - (p - 7)) in Example 5.6.

*More precisely, reduce in polynomial time.

Time 9:40 draft February 7, 2008



72 5.5 Unit Propagation

{-p Cgl—p Crlp, =r}.

We can make an immediate observation about models of thisf stduses: in every such
model! the atomp must be true. Indeed, if an interpretatiérsatisfies this set of clauses,
then it satisfies every clause in the set, so it satigfiéencel [pl But thenl ¥ —p, soin
the clause-p [glhe literal-p cannot be satisfied. Hp cannot be satisfied, we can delete
this literal from the clausep [Cgbbtaining the clause. Likewise, when we observe that
must be true, we can remove all clauses contaipiag a literal, since all of these clauses
are satisfied id. Let us illustrate this by the following picture.

=p Lgl q

=p [rl —q [l
ye

=r =r

In this picture we show the sé&t of clauses on the left of the bar. The removed clause is
shown by putting a diagonal line through it-. The literals that can be deleted from their
clauses are shaded, for exam=p [¢l On the right of the bar we show the simplified set
of clauses obtained froisi by removed the clauses containin@s a literal and deleting the
literal =p from the remaining clauses. This simplification is calledt propagationand
defined below.

DEFINITION 5.16 (Unit Propagation) Lei be a set of clauses. We say that a set of clauses
SUs obtained frons by unit propagationif SHs obtained froms by repeatedly performing
the following transformation: ifS' contains a unit clause, i.e. a clause consisting of one
literal L, then

(1) remove fromS every clause of the forni QI

(2) replace inS every clause of the form A by the clause”™ U

Unit propagation is a very powerful simplification. Let usoshhow we can show
unsatisfiability of a non-trivial set of clauses by usingyoahit propagation. We take the
set of clauses obtained by the definitional translation filmaformula=((p - ¢) plLg -

r) - (p - r)), see Figure 5.4. The first step of unit propagation elimm#te variable

p1:
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pr
=p1 [=bo

pr-Epd

—p2 [=ps [pd
p3 Lpd

-p7 Lpd

-p3 Lpd

-p3 Lpd

—ps [=ps [pd
P4 [gl
p [pd

—q [pd

—ps [=pe L]
pe Lpd

-7 Lpd

-pe Lpl

-pe Lgl

-p Lpd
—p7 [z
p Lpd

-r Lpd

p2

—p2 [=ps [pd
p3 Lpd

-p7 Lpd

-p3 Lpd

-p3 Lpd

—p4 [=ps [pd
P4 Lql
p [pd

—q Lpd

—ps [=be L]
e Lpd

-r [pd

—pe Lpl

—ps Lgl

-p [pd
—p7 [z
p Lpd

-r [p]

The resulting set of clauses contains the unit clawyse so we can apply unit propagation

again:

P77

pe L=z Epi
p3 Lp2

-p7 Lpa

-p3 Lpd

-p3 Lpd

—ps [=bs [pd
D4 gl

p [pd

b3
_aPpT
=p3 Lpl
=p3 Lpd

py [ =Sbstpd-
—ps [=p Lgl
p Lpd

-q Lpd —q Lpd
ps [=hs L] —ps [=pe Ll
ps Lpd p3 ps Lpd
—-r Lpd -p7 —r Lpd
—pe Lpl —p3 Lpd —pe Lpl
—pe Lgl -p3 Lpd —pe gl
—p [=h Lpd -ps L=abs Lpd  —p L2h [pd
—py [=p Ll —pg L= gl —p7 [=p Ll
p Lpd pLpd pLpd
=r m =r m
Now we have two unitspz and-p;. We can apply unit propagation to them simultaneously:
g Lpd -q Lpd
—ps [=pg L] —ps [=pg L]
ps Lpd 22! ps Lpd
-r Lpd ps -r Lpd
—ps Lpl -pe Lpl
—ps Lgl =4 Lql —ps Lgl
—p Lpd p Lpd —p Lpd
opr L=t
p Lp7 p
=r I__p% =r

We obtained four new unitgiy, ps, p and—r. The next unit propagation step gives

P
ps

=ps L=p Lql
p bk
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We obtained two unitg and—pg. The next unit propagation step gives

e ps

—_

—q Lps O

We obtained a set of clauses containing the empty clausee $ie empty clause is unsat-
isfiable, the original set of clausésis unsatisfiable too.

5.6 Horn SAT

In this section we show that unit propagation alone is sefficio solve the satisfiability
problem for sets of Horn clauses. First, let us note a gempeaglerty of unsatisfiable sets
of clauses.

LEMMA 5.17 LetS be an unsatisfiable set of clauses. Tl¥arontains at least one positive
clause and at least one negative clause.

PROOF We prove thatS contains a positive clause, the proof of existence of a negatause

is similar. Suppose, by contradiction, thg&tcontains no positive clauses. Then every clause in
S contains a negative literal. Consider the interpretafian which all variables are false, this
interpretation satisfies all clausesSnwhich contradicts to the unsatisfiability St 0

THEOREM5.18 Let S be a set of Horn clauses arftbe obtained frons by unit propa-
gation. ThenS is satisfiable if and only if1 IZSF

PROOF Since unit propagation preserves satisfiabilityjs satisfiable if and only if so is$".
Therefore, it is enough to prove thét is satisfiable if and only ifa ILSY. Obviously a satisfiable
set of clauses cannot contain the empty clause. Hence, @insrto show that i’ is unsatisfiable,
then it containgd.

Note that unit propagation applied to a set of Horn clausessga set of Horn clauses, $6
consists of Horn clauses only. By Lemma 54/7must contain a positive clauge But a positive
Horn clause is either a unit clause©r SinceS’ is a result of unit propagation, it contains no unit
clauses, s@’ = O. |

This theorem gives a simple algorithm for checking satidfigitof a set.S of Horn clauses.
First, apply unit propagation t§. If the result contain the empty clause, th&ms unsat-
isfiable, otherwiseS is satisfiable. Obviously, unit propagation can be done igronial

time, so satisfiability for sets of Horn clauses can be ch@dkegoolynomial time. Using
appropriate data structures, one can prove a stronget gegeth below.

THEOREM 5.19 Satisfiability of sets of Horn clauses can be checked in fitigze. O
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procedure DLL(S)
input: set of clauses$
output: satisfiable or unsatisfiable
parameters. functionselect _literal
begin
S : = propagate (.5)
if S is emptythen return satisfiable
if S contains™ then return unsatisfiable
L : = select literal (S)
if DLL(S [LL}) = satisfiable
thenreturn satisfiable
elsereturn DLL(S QE})
end

Figure 5.6: The DLL algorithm

5.7 DLL

Unit propagation is a simplification rule. Unit propagatitan only complement satisfiability-
checking methods but cannot replace them, except for dpmsas, such as sets of Horn
clauses. Indeed, when a set of clauSesntains no units, unit propagation will not simplify
S. The best satisfiability checkers are based on a method dinalbines unit propagation
with splitting. This method is called DLL, after the namestefauthors [Davis et al. 1962].

ALGORITHM 5.20 (DLL) The DLL algorithm is shown in Figure 5.6. The alijbm is
parametrized by a functicselect _literal returning a literal. The functiopropagate applies
unit propagation ta'. O

Note that the input to this algorithm is a set of clauses. Ihaee to check for satisfiability
a set of formulas using this algorithm, we first have to tramafthe set of formulas into a
set of clauses using any clausal form transformation atyori

EXAMPLE 5.21 Let us apply the DLL algorithm to the following s&tconsisting of four
clauses

{-p =Y, —=p Cql p [=h, p Lq}.

It contains no unit clauses, so unit propagation does natgehthis set. Select now a literal
in this set, for examplexp. According to the DLL algorithm, we first have to consider the
setS augmented with the unit clause.

By adding—p to S and applying unit propagation we obtain the following setpgeof
sets:
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-p P
—p -p
—p Lql -p Lql
p p L3k
p Lgl p Lgl
| |
1 {=p, —a} 1 {p,—a}
[O] [T]

Figure 5.7: A tree obtained by DLL

{pEly, opEq p (5, p Lgl =p} L[
{=a, q} 1
{O}.

ThereforeS [{#p} is unsatisfiable. According to the DLL algorithm, we now ddes the
setS augmented with the unit clauge Unit propagation yields

{=p =k, =p Cg] p =7, p gl p} [

{=q, q} L1
{o}.
SoS [{Hp}is unsatisfiable too, and the algorithm retunmsatisfiable. O

This algorithm can be illustrated by drawing a tree consigtif all clause sets considered by
the algorithm, similarly to trees illustrating the spliigi algorithm. A DLL corresponding
to Example 5.21 is given in Figure 5.7. It contains two br&aschThe steps where the
algorithm chooses a literal are denoted by solid lines &bély the chosen literal. The
steps where unit propagation has been applied are denotddshyed lines labeled by the
set of propagated literals, for examglep, ~q¢}.

When DLL establishes that the set of clauses is satisfialdeare normally interested
in finding an interpretation satisfying the set. This can teedusing the following theorem.

THEOREM 5.22 (Model Building) Suppose that the algorithm returned “satisfiable” on a
setS of clauses. Let be the set of all literals used for unit propagation on theriria
leading to the empty set of clauses. There exists at leaghtarpretation] such that
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—|p l
-p L4l
p L=k
V \—'«D
D -p
—p —p
-p Lql -p Lql
p p
| |
| {p,—q} | {-p,—a}
¥ ¥
(O] []

Figure 5.8: A tree obtained by DLL for a satisfiable set of skau

T W
_ , ITp
)= ¢ o

Moreover, for every interpretation satisfying this propgewe havel [ 3l

PROOF Suppose thal. [, that is, L was used for unit propagation. Since unit propagation
removes all occurrences df, we haveL II1l. Hence, there exists at least one interpretafion
satisfying the conditions of the theorem. Let us show thatf@ry such interpretatioh we have

I [11. To this end, notice that every clauSeaemoved fromS at some step of the algorithm contains
a literal inL, thereforel [d. Since all clauses iy are eventually removed by the algorithm, we
havel 3. U

Consider an example illustrating the Model Building Theore

ExAMPLE 5.23 Let us remove one clause from the set of clauses of Exampl. We
obtain the following set of three claus€ssp [aly, -p [gl p [=h}. A DLL tree for this
set of clauses is shown in Figure 5.8. The rightmost brandhtefminates at the empty
set of clauses. The set of literals used for unit propagatiorhis branch i{-p, —q}.
Therefore, the interpretatiofp 3 0, ¢ B 0} satisfies this set of clauses. O

5.8 Optimizations and Implementation

The DLL method is very simple, so it is difficult to find logicaptimizations for it. As a
consequence, the state-of-the-art systems usually trgttmize the algorithm rather than
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the logic of DLL. Nevertheless, DLL allows for a few logicaptimizations: tautology
elimination and pure literal rule.

Since tautologies are valid formulas, they can obviouslydmoved from any set of
clauses without changing the satisfiability of this set. sfthutology eliminationrule is
applied to the clause set once, after the clausal form has dmestructed, since the DLL
algorithm itself does not introduce new tautologies.

In Section 4.3 we introduced an optimization of the spliftegorithm based on the
notion of pure atom. Let us consider this optimization in ¢toatext of the DLL method.
Clauses are very simple compared to arbitrary formulas,pmtatities of occurrences of
atoms are easy to calculate. Namely, an ajphas only positive occurrences in a sgt
of clauses if no clause if has the form—p [CCl. Likewise, an atonp has only negative
occurrences in a sét of clauses if no clause ifi has the formp [CCl

DEFINITION 5.24 (Pure Literal) A literall occurring in a set of clauses is said to be
purein S if S contains no clauses of the fortn [_Cl. Pure literal rule removes from a set
of clauses all clauses containing a pure literal. O

The intuition behind the pure literal rule is simple. Assyrioe example, thatp is pure in
a set of clause$. Then by setting to 0 we can satisfy all clauses containing the variable
p. After removing these clauses fraffy we obtain a set of clauses not containing

We will illustrate pure literal rule on the formuta((p - ¢) Lpllg b r) - (=p - 1))
of Example 4.17. The standard CNF transformation of thisifda into clausal form yields
the following set of clauses

{-p Cgl —p Cr]=p, —r}.

The literal =p in this set of clauses is pure, so all clauses containingliteisl can be
removed. After this we are left with the str} consisting of a single clause. This clause
can also be eliminated since the literat is pure in it. Thus, we established satisfiability
of this set of clauses using only the pure literal rule. Theegditerals—p, -+ used in the
analysis of this set of clauses give us a model of thi{géd 0,r 3 0}.

Pure literal rule can be implemented in DLL as follows. Witlewry literal L, we keep a
counter which stores the number of occurrences of thisliiarthe set. When the counter
become®, the literalL is pure.

Implementations of DLL use backtracking algorithms. WHefunctionselect _literal
selects the next literdl, the current state is memorized, and the search continubghve
setS [{LL}. When the search is over, the memorized state is restoredhansearch
continues with the sef QLN}. It is the backtracking that causes exponential behavior of
the search procedure. A lot of efforts in the satisfiabilingcking community is aimed at
reducing the amount of backtracking in search procedures.

It is now widely recognized that good heuristics for selegtihe next literal, i.e., im-
plementing the functioselect _literal, are crucial for the efficient implementation of DLL.
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In addition, efficient implementation of unit propagatiaie anportant too. One very pop-
ular heuristics for selecting the next literal is call®tDMS which stands foMaximum
Occurrences in clauses of Minimal SiZehis heuristics is believed to cause more clauses
to become unit, and thus increase the efficiency of unit grapan.

5.9 Bibliography

The DLL procedure is sometimes mistakenly calledBfavis-Putnam procedurelue to a
similar procedure described in [Davis and Putnam 1958% ddso sometimes calldaPLL
(Davis-Putnam-Logemann-Loveland), but in fact the procedvas described in [Davis
et al. 1962].

Some techniques for obtaining small clausal forms are densd in [Nonnengart and
Weidenbach 2001]. The definitional transformation wa®uhiced in [Plaisted and Greenbaum
1986] asstructure-preserving clausal form transformatiolhe naming technique is con-
sidered in a number of papers, see, e.g., [Degtyarev andakiovd2001].

Linear algorithms for Horn sets (see Theorem 5.19) are destrin [Dowling and
Gallier 1984, Itai and Makowsky 1987].

Some state-of-the-art propositional satisfiability clesskare described in [Zhang and
Malik 2002, Goldberg and Novikov 2002].

Exercises

EXERCISE5S.1 Show that Algorithm 5.4 for building CNF of a formula bdsen rewrite rules of
Figure 5.2 gives, in general, a set of clauses exponentihldrsize of the input formula. To this
end, show a sequence of formulds, A,, ... and a constant > 0 independent of such that the
size of the CNF of4; constructed by this algorithm is at leds#;|°', where| A;| is the size of4;.
Moreover, show that the this result also holds if we requieeformulasA; contain no occurrences
of . O

EXERCISES.2 Show that the definitional transformation gives a claetepolynomial in the size
of the input formula. (In fact, it can be shown to &én log n).) O

EXERCISE5S.3 Show thatin Lemma 5.8 the condition pio be fresh is essential. O

EXeERCISES.4 Apply the standard CNF transformation algorithm anddéfnitional transforma-
tion algorithm (both the non-optimized and optimized vensi) to each of the following formulas:

(v - @) « (=g - —p)), 0
peoqor

EXERCISES.5 Apply the definitional transformation to the formula
(P oa) «1)e @ (@)
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Apply the DLL algorithm to the resulting set of clauses. O

EXERCISES.6 ([ -Show that if a polynomial-time algorithm for finding a CNFigts, thenP =
NP2 O

EXERCISES.7 Apply the DLL algorithm to the following sets of clauses:

p Lgltr]l —-p [=h L=y, p L= [k, —p gl
-p [zl pLCgl=y,  p[=h [z

Is this set satisfiable? If yes, find a model of this set. O

EXERCISES.8 Apply the DLL algorithm to the following sets of clauses:

P1 @7 P2 37 D1 37
-p1 Lpd, p1 Lpd [=bs, pi Lpd Cpd.

Is this set satisfiable? If yes, find a model of this set. O

EXERCISES.9 Apply the DLL algorithm to the following sets of clauses:

p1 [=ba Cpd, —-p1 [5bo, p2 Lpd,

p1 Lpd, —-p1 Lpd [=bs, p1 L=pe [=bs.
Is this set satisfiable? If yes, find a model of this set. O

EXERCISES.10 The following set of clauses formalizes an instanc@é@fiigeonhole problem for

3 pigeons and 2 holes, see Section 6.6 for more detail: itj8gsible to put 3 pigeons in 2 holes
so that every hole contains at most one pigeon. We will useythwols{p;; | i =1...3,5 = 1,2}

to denote that pigeohis put in holej. The following set of 3 clauses describes that each of the
pigeons is put in some hole.

p11 Lpda, po1 Cpda, p31 Cplo.

We have to formalize that every hole contains at most onegpig€his can be done as follows: for
every pair of different pigeons, i, and every holg, either pigeori; is not putin holej, or pigeon
iz IS not put in holej. This gives us three the following six clauses:

—p11 [5pa1, —wp11 [=bai, -2y [=bsy,
—p12 [3baa, w12 [=bsa, —paa [=bso.

Show unsatisfiability of the resulting set of nine clausesgithe DLL procedure. O

EXeERCISES.11 Find an algorithm for computing DNF. O

2The reader is advised not to try the standard CNF transféeman this formula, unless she has a computer
program for this readily available.

30ur proof for this statement essentially relies upon the tlaat we are looking for a CNF, not a clausal
form. Polynomial-time transformations into clausal forbvimusly exist, the definitional transformation is one
of them.
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EXERCISES.12 Prove that satisfiability of formulas in DNF can be clegtk polynomial time[]

EXERCISES.13 Suppose that a formutad has the following CNF;
CIT11
Lij.
ij
Show that the following formula is a DNF of:

Li,j. a
ij

EXERCISE5S.14 Find a model of the following set of clauses using theepiteral rule:

—p2 [=b3, -p1 [=be, p1 Cpd [=ps
p1 [=3bs,  —p1 [pd,  p1 [=by [=bs. 0

EXERCISES.15 LetA be aformula, a set of claus&<e obtained fron¥ by applying the standard
CNF transformation ang be an atom occurring id. Thenp is pure inA if and only if one of the
literalsp, —p if pure in A. O

EXERCISES.16 Prove that Exercise 5.15 also holds for the optimizéduhitienal transformation
but, in general, does not hold for the definitional transfation. O

EXERCISES.17 Show that the following rewrite rule system computedTaifla formula.

A« B [{A[R) (34 [=B),
A-B [C3ALR

~(A[B) [34 =B,
~(A[CB) [34 =B,
-—A [A4,
(A; O CAly) OBy O, CB, XA, OBy 1. CRy)
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