Chapter 8

Satisfiability and Randomization

The world consists of the tension between order and chaognWh
simulating physical phenomena, order is supplied by thes lafv
physics and chaos is supplied by random numbers.

Gregory Chaitin

With increasing temperature we see a succession of phass-tra
tions for water in which its properties change dramaticattye
solid phase — ice — melts to the liquid phase — water — and then
eventually boils to the gaseous phase — steam.

Cambridge Cosmology home page
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In this chapter we consider two topics related to satisfigbthecking and random-
ization. Section 8.1 discusses how one can generate randtsfiability problems. In
Section 8.2 we show that randomly generated satisfiabiliiblpms expose a phenomenon
of sharp phase transitiana change from satisfiable to unsatisfiable problems happens
a very narrow region, eventually degenerating into a pointaddition to having sharp
phase transition, randomly generated problems turn oué textremely hard for existing
satisfiability checkers.
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8.1 Randomly Generated SAT Problems

In Section 8.3 we show that randomization not only creates atisfiability problems
but also helps in solving them. We present several randahalgorithms for propositional
satisfiability based on the idea of random generation ofpnétations.

8.1 Randomly Generated SAT Problems

To define a model for random generation of SAT problems, we bhawnderstand what is
a random clause. A clause is a disjunction of litedgjsv . .. Vv L. We cannot generate all
clauses randomly with an equal probability since the legbiiclauses is unbounded. Let
us fix £k > 1 and define what is a randoficlause. Again, we cannot generatelauses
randomly with an equal probability, since the number ofalales is unbounded too. Let us
also fix the number of variablesand use a fixed set of variablés= {p1,...,p,}.

To generate such/aclause with variables i randomly, we have to generatditerals
randomly, with an equal probability and independently. \&a choose among literals
P1,---5Pn, D1, -+ -, Pn. This suggests the following model for generating a randem
clause with variables i: randomly generaté literals (not necessarily different) among
D1, ---,Pn, P1, - - -, 7Pn SO that each literal is chosen with equal probabig%y

Suppose that using our model of random clause we genereaadom clause§h, . .., Cy,.
What is the probability that the sé€, . .., C,,} is unsatisfiable?

Evidently, whenn = 1, the set is satisfiable, so the probability is 0. Whenr= 2, then
we can obtain an unsatisfiable set, but every such set comdisio clause; Vv ...V p;
and-p; V...V —p;. Itis not hard to argue that the probability of generatingeta &
clauses of this form iW, which a very small number even for small values:atnd
n. However, when we generate a sufficiently large number afsas, the probability can
become as close tbas we want.

We can say that for smaih the set of clauses mnder-constraineddue to a small num-
ber of constraints on the possible valueppthe set is easy to satisfy. When we generate
a larger number of clauses, the probability of obtaining lasatisfiable set grows. Finally,
when we generate a very large number of clauses, the prolileocmneover-constrained
and hence difficult to satisfy, so the probability becomeseitol. For each there exists a
crossover pointi.e., the numberm where the probability changes from a number less than
3 to a number greater than or equaltowhat is the distribution of probability for different
values ofm, and in particular what is the behavior of this probabilityan the crossover
point? Experiments conducted in [Mitchell, Selman and lsgue 1992] have shown an in-
teresting behavior of the probability: for largethe change from a nearly-zero probability
to a nearly-one probability happens in a very narrow regroniad the crossover point.

From now on we will fixk to be3, that is, we will consider randomly generateGAT
problems. Let us define several notions. First of all, we @&xpihe model for the random
generation of clauses. We will randomly generate 3-clairsassignature withn boolean
variables, where, can vary, but the number of clauses per variable will be fix&dis
real number will be called etio and denoted by. Denote byr(r, n) the probability that
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Figure 8.1: Functionr(r, 80) and the crossover point

a randomly generated set pfn] 3-clauses of variablesp, . .., p, is unsatisfiable. It is
easy to see that(r1,n) > 7w(re,n) if 71 > ro, since the more clauses we generate, the
more likely we are to obtain an unsatisfiable set. The expariaily obtained value of the
probability function forn = 80 is given in Figure 8.7

For every fixedn, we call thecrossover pointhe numben such that for alb’ < r
we haver(r’,n) < 0.5 and for all" > r we haver(r’,n) > 0.5. Since the probability
function 7 is monotone in its first argument, there exists a unique ok@sspoint. The
crossover point is illustrated in Figure 8.1. Denote thessover point bycrossover(n),
that is,

crossover(n) =r < m(r,n) > 0.5 and
forall ' < r we haver(r’,n) < 0.5.

8.2 Sharp Phase Transition

Figure 8.1 shows that for valuesomaller than (say) 3.5 the valuér, 80) is “almost 0”.
Likewise, for values of greater tharé the valuer(r, 80) is “almost 1”. We are interested
in the region where the probability changes from “almostd®”dalmost 1”. To formalize
the notions of “almost 0” and “almost 1” we choose a (smalluga and consider values
smaller thare as “almost 0” and values greater thar- € as “almost 1”.

Let ¢ be a real number such that< ¢ < 0.5. We call thee-windowthe set of all
numbers” such that < 7(r’',n) < 1 — e. Essentially, the-window is the region where
the probability changes from “almost 0” to “almost 1”. It limlvs from the monotonicity

"Here[rn] denotes the integer closestrto.

2All graphs in this chapter are obtained experimentally byning the system SATO [Zhang 1997]. To
obtain trustworthy results, we ran SATO on problems obthimg incrementing the values of the ratio®by
0.02 from 3 to 6. For each value of the ratio we used 1000 randomly generatdxigons.
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Figure 8.2:c-window fore = 0.1 andn = 80

of 7 that thee-window is an interval, and moreover if this interval is nempty, then it
contains the crossover point. Thavindow is illustrated in Figure 8.2.

Denote bywindow(e,n) the width of the window. Experiments with the randomly
generated 3-SAT problems lead to a conjecture that for every have

lim (Mw(e”)) —0. (8.1)
n—oo \ crossover(n)

This means that thewindow shrinks for larger values afand eventually degenerates into
a point. This effect is called thecaling window effecand is illustrated in Figure 8.3.

If the e-window degenerates into a point, the curMe, n) becomes very steep in the
region of the crossover point, and in the limit becomes a &iaption having valué to
the left of the crossover point and vallido the right of the crossover point. This effect is
calledsharp phase transitioor sharp threshold

It has been recently proved [Friedgut 1999] that (8.1) ho#twl therefore the sharp
phase transition takes place. Experiments suggest thatakeover point is close to 4.25,
but its exact value is unknown. Figure 8.4 shows the behafitihe probability function
m(r,n) for different values of. One can see from it that the curve depicting this function
is becoming steeper around the crossover point for lardaesafn.

It is interesting to observe the behavior of the state-efdlt satisfiability checkers on
randomly generated problems. It turns out that the problgemerated with a ratio near
the crossover point are hard for all existing systems.r=gr4.25 the fastest systems can
solve within one hour only problems witth ~ 500 on a single processor computer. The
problems generated using the rationuch smaller than the crossover point are relatively
easy to solve. The same holds for the problems generated t@ratior much greater
than the crossover point. Figure 8.5 illustrates the nunabdaranches exploited by the
DLL algorithm as implemented in the system SATO for varioakies ofr.

The distribution of the difficulty of problems depending oforms the so-calle@asy-

February 7, 2008 draft Time 9:40



CHAPTER 8. SATISFIABILITY AND RANDOMIZATION 107

n ! y n —o—ro
190 + 190 +
k | —o—+
170 + 170 +
! y ——o—
150 + 150 +
! y —o——
130 + 130 +
! f —o—
110 + 110 +
k | | ——— e |
90 + 90 +
I . I r
70 f f 70 f "
4 5 4 4.5

Figure 8.3: Scaling window:0.01-window and0.1-window for n = 80...200. The
crossover point is marked by a small circle.

hard-easy pattemunder-constrained problems are easy, problems neardlsasver point
are hard, and the over-constrained problems are againBasyandomly generatéd SAT
problems near the crossover point are sometimes ca#letirandomk-SAT problems

Randomly generatef-SAT problems fork > 3 expose the same pattern of behavior
as randomly generated 3-SAT problems. Namely, both thegbtzse transition and the
easy-hard-easy pattern have been experimentally obsertieccrossover point is different,
for example ford-SAT the crossover point is believed to be around 9.8.

8.3 Randomized Algorithms for SAT

Although the best DLL-based systems can only establishtigfighility of hard random
3-SAT problems withn =~ 500 within one hour, there exist methods which allow one to
find models of such problems with over 2000 variables. listingly, these methods cannot
be used for establishing unsatisfiability, because theynammplete Complete algorithms
always give ayes-noanswer. Incomplete algorithmsometimes give the “don’t know”
answer.

There is a subtle difference between establishing satiifyagnd unsatisfiability. To
establish that a formula is satisfiable, it is enough to shosne model of this formula.
The model is a mapping from variables 4fto boolean values, so this model has a very
compact representation: if hasn different variable®, . .., p,,, then one can use bits to
represent this mapping. Given an interpretatipmne can easily check whethet= A by
evaluatingA in I. So if we have a clever heuristics which “guesses” integti@ts/ which
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8.3 Randomized Algorithms for SAT

Figure 8.4: Sharp phase transition: the values(@fn) for n = 80, 140, 200
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Figure 8.5: The easy-hard-easy pattern: the number of besrforn = 200
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procedure CHAOS(S)

input: set of clauses

output: interpretation/ such that/ E .S or don’t know|
parameters. positive integeMAX-TRIES

begin
repeat MAX-TRIESimes
I : = random interpretation

if I F Sthenreturn I
return don’t know
end

Figure 8.6: The CHAQOS algorithm

can potentially satisfyd, and we are lucky, we can guess a model @fithout applying the
standard satisfiability-checking algorithms such as DLL.

Let us illustrate the difference between satisfiability amsatisfiability by an exam-
ple. First, note that we can generate a random interpratdtfor variablesp, ..., p, by
choosing a random-bit stringb . .. b, and definingl to be{p; — b1,...,p, — b,}. The
algorithmCHAQSIs given in Figure 8.6. Essentially, this algorithm genesad completely
random interpretation a fixed number of times. If one of theegated interpretation is a
model, it terminates and returns “satisfiable”. Otherwitseturns “don’t know”.

This algorithm can be used for checking satisfiability but foo checking unsatisfi-
ability. Indeed, even we generate a very large of interficeta there is still a non-zero
probability that we have not generated all possible in&ggtions.

On the contrary, there is no straightforward way to esthhlissatisfiability by guessing
models. Indeed, to show that a formulas unsatisfiable, we have to show thhts false in
everyinterpretation. 1fA hasn different variables, then there @ possible interpretations
of the signature ofd.

This phenomenon is common for all NP-complete problems.blEnas in NP have
polynomially short witnessetuitively, a witness for an instanéef a decision problem is
a strings such that, given the pafg, ), one can check in polynomial time thétas the yes-
answer. For propositional satisfiability we can take as aesi$ the bit-string representing a
model of this formula. Unsatisfiability is coNP-completadacoNP-complete problems do
not have polynomially short witnesses, unless=NBNP, the equation generally believed
to be false.

If a problem has a short witness, we can try to solve instaottss problem by guess-
ing a possible witness, and then checking that the withedly rgithesses the instance. We
terminate if a witness was found or if some number of guessssdene. In this way we
obtain incomplete algorithms, since termination withoatlfing a witness does not mean
that the instance has no witness at all. So if a witness isfailnen the answer is “yes”, but
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8.3 Randomized Algorithms for SAT

procedure GSAT(S)

input: set of clauses

output: interpretation/ such that/ £ S or don’t know
parameters positive integerdAX-TRIESMAX-FLIPS

begin
repeat MAX-TRIESimes
I : = random interpretation

if I ESthenreturn I
repeat MAX-FLIPStimes
p .= avariable such thafip(1, p) satisfies
the maximal number of clauses fh

I = flip(I,p)
if I E Sthenreturn I
return don't know
end

Figure 8.7: The GSAT algorithm

if it is not found, then we can only answer “don’t know”.

There are several incomplete algorithms for checking sitipmal satisfiability. All
these algorithms use random numbers and are based on theifgllgeneral idea. First,
choose a random interpretation. If this interpretationdsamodel, repeatedly choose a
variable and change its value in the interpretatithp (he variable). The variables whose
values are changed are chosen using heuristics or randantigth. To formalize this idea,
let us introduce an operatgtip on interpretations as follows:

I(q), ifp#q
flip(I,p)(q) = 1, if p=qandI(p) = 0;
0, if p=gqandI(p) =1.

In other words, the interpretatigfip (I, p) is obtained from/ by changing its value op.

8.3.1 Local Search

A local searchprocedure is based on the idea of minimizing the number oatisied
clauses. This procedure was described in [Selman, LevemadidMitchell 1992] and is
known asGSAT Given an interpretatiot which does not satisfy a sstof clauses, we flip
a variable in/ which results in a maximal number of satisfied clauses. Ifetlage several
variables giving the same number of satisfied clauses, wesehone of them at random.
The GSAT algorithnis given in Figure 8.7.
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EXAMPLE 8.1 (GSAT) Consider the following set of clauses:

p1V p2 Vps, —p2V-ops, —p1Vops, —p1Vpe, p1Vps.

This set of clauses is satisfiable. Suppose that the irdiilom interpretation is {p; — 0, p2 — 0, p3 — 1}.
A possible GSAT run with this initial interpretation is iitrated in the following table.

flip | interpretation| satisfied clause$ candidates| flipped
no.| p1 p2 p3 p1 p2  ps | forflipping | variable
1 0 0 1 4 3 4 4 P2,P3 D2
2 0 1 1 4 3 4 4 P2,P3 P3
3/0 1 0|45 4 4 P D1
1 1 015

The first column contains the flip number. Columns 2—4 showirterpretation before
the flip. The next four columns show the number of satisfiedsga: column 5 gives the
number before the flip and the following three columns the Imemif we flipped one of the
variables. The last column gives the variable chosen fqpifiip.

In this example, initially 4 clauses are satisfied. If we fhig then the number of
satisfied clauses will become 3. If we flip or p3, then the number of satisfied clauses will
become 4. So GSAT randomly flips one of the variablg®s. Assuming thaps is chosen,
we obtain the interpretation shown in line 2. For the secopdlike procedure could have
chosen for flipping eithep, or p3 because both flips result in a maximal number of satisfied
clauses (namely, 4). For the third flip the choice is uniqudy @; can be flipped. After
three flips the procedure terminates since all clauses tséied. O

For local search procedures, there is a possibility thaptbeedure goes to a wrong
direction and gets stuck in a local optimum point: a point ketfarther flips do not increase
the number of satisfied clauses. Even worse, local optinesm aftcur in glateau a set of
points where the number of satisfied clauses does not ch@&@®&T uses a radical way to
escape from local optima: when the liltAX-FLIPSon the number of flips in reached,
the current interpretation is discarded and a random irg&pion is chosen again.

8.3.2 Random Walk

The problem of escaping local optima or plateaus can bekaitalsy further randomizing
the GSAT algorithm. Instead of always choosing the bestiplesmove (resulting in the
largest number of satisfied clauses), with some probabilitye flip a random variable.
Such flips are calledideways moveslt was experimentally discovered that choosjng
randomly amongll variables is not a very good idea. The best strategy knowarsg fo
flip a variable which occurs in at least one unsatisfied clause

This gives a modification of GSAT, callddSAT with random walksT his algorithm is
shown in Figure 8.8. Random walks are reported to boost tiferpgance of GSAT drasti-
cally. For example, on the hard 3-SAT problems GSAT with mandvalks is able to solve
draft
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8.3 Randomized Algorithms for SAT

February 7, 2008

procedure GSAT(S)
input: set of clauses$
output: interpretation/ such that/ £ S or don’t know
parameters positive integerMAX-TRIESMAX-FLIPS
real numbep < p < 1 (probability of a sideways move),

begin
repeat MAX-TRIESimes
I : = random interpretation

if I ESthenreturn I
repeat MAX-FLIPStimes
with probability p
p = avariable such thatip(I,p) satisfies
the maximal number of clauses éh
with probability 1 — 1
randomly choos@ among variables occurring in clauses falsé
I = flip(I,p)
if I ESthenreturn I
return don’'t know
end

Figure 8.8: GSAT with random walks

in a few minutes problems with 2000 variables, which is fardvel the capabilities of the
complete methods, such as DLL. GSAT with random walks alswslgood performance
on some structured, non-random, problems.

Note that when: = 1, GSAT with random walks behaves exactly like GSAT. When
is small almost all the moves are sideways moves. It is alssiple to design an efficient
algorithm which is entirely based on sideways moves. Thiglgarithm is calledWSAT
and given in Figure 8.9.

ExaMPLE 8.2 (WSAT) Consider the set of clauses of Example 8.1. Suppius the ini-
tial random interpretatiod is again{p; — 0,p2 — 0,p3 — 1}. A possible WSAT run
with this initial interpretation is illustrated in the follving table.
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procedure WSAT(S)
input: set of clauses
output: interpretation/ such that/ £ S or don’t know
parameters positive integerdAX-TRIESMAX-FLIPS
begin
repeat MAX-TRIESimes
I : = random interpretation
if I F Sthenreturn I
repeat MAX-FLIPStimes
randomly choose a clauge € S such thatl ¥ C
randomly choose a variabjein C
I = flip(1, p)
if I = .Sthenreturn 7
return don’t know

end
Figure 8.9: The WSAT algorithm
flip | interpretation| unsatisfied| candidates| flipped
no.| p1 p2 p3 clauses | for flipping | variable
110 0 1 |pmVps P1, D2 P1
21 0 1 | -p1V-ps|p1,p2,p3 P2
—p1V P2
311 1 1 |-p2V—ps|p1,p2D3 p3
—p1 VvV p3
1 1 0

Note that there is an essential difference between the mkaxf GSAT and WSAT on the
clauses of this example. For flip 1 GSAT hagl p3 as the candidates for flipping, while
WSAT hadpq, po. The variableps was not a candidate for WSAT because it does not occur
in any unsatisfied clause. For flips 2 and 3 WSAT could haveahesy variable. For
flip 2, the probability of choosing, is % while the probabilities of choosing eithgs or

p3 are onlyi. The variablep; had a higher probability for flipping since it occurs in both
unsatisfied clauses. Likewise, for flip 83 is the most likely candidate because it also
occurs in both unsatisfied clauses. 0

WSAT shows a very good performance on many problems, busitrigrisingly not so good
on hard randomly generated 3-SAT problems.

Note that there is an essential difference between GSAT raitdom walks ang, =
0 and WSAT. GSAT with random walks chooses a random variablengnall variables
occurring in unsatisfiable clauses. WSAT first chooses aomndnsatisfied clause and
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then chooses a variable in it. If a variable occurs in manatisigable clauses, then WSAT
is more likely to choose it compared to GSAT with random walks

WSAT behaves very well on some classes of problems, and nay dearly outper-
form GSAT with random walks. However, on hard random 3-SAdbtems WSAT does
not perform well.

If an incomplete algorithm for propositional satisfialyilierminates with a “don’t know”
answer, it signals that either the problem is too hard ostigean evidence that the problem
is unsatisfiable. There are theoretical results showintgetllan’t know answer can be used
to establish unsatisfiability with a high probability [Sxtirig 1999], but the bounds on the
number of tries proved in these papers are not very usefukictipe.

8.4 Randomly Generated non-Clausal Problems

8.5 Literature

The random clause generation model used here was desaribgtthell et al. [1992]. This
paper also observes the sharp phase transition effect amhtly-hard-easy pattern.

The GSAT local search procedure was described in [Selmdnl&x3®2]. Independently,
a similar procedure was discovered by [Gu 1992]. GSAT witidoan walks is described
in [Selman, Kautz and Cohen 1994].

Exercises

EXERCISE8.1 Explain the following terms:

(1) under- and over-constrained problems;

(2) crossover point;

(3) e-window;

(4) scaling window effect;

(5) sharp phase transition;

(6) easy-hard-easy pattern;

(7) hard randonk-SAT problem;

(8) sideways move. O
EXERCISE8.2 %% A student decides to change the model of random generatictao$es as
follows. Choose: real numbers, ..., r, such that; # 0.5 for all .. Then generatg-clauses by
choosing independentd/literals as follows. First, randomly choose a varighlamongp, .. ., p,

with equal probabilityl /n. Then, choose the literal with probabilityr; and the literat-p; with
probability1 — ;. What is your opinion about the following questions:
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(1) Will the crossover point be greater than, equal to, & than the crossover point for the hard
random3-SAT problems?

(2) Does this model of random generation result in hardeneseomplexity, or easier problems
around the crossover point as compared to the hard raBd®AT problems

(a) for GSAT and WSAT?
(b) for DLL?

(3) Does this model of random generation have a sharp presstion?

Note that mathematically these questions may be very hardingply try to use your intuition to
answer them. Of course, you can make extensive experineotsifirm your answers. O

EXeERCISE8.3 Implement a program for random generatiof-@lauses. Modify it so that it gen-
erates:-clauses with some given probabilityandk + 1-clauses with the probability — . O

EXERCISE8.4 Implement a computer program able to solve the randowil3pBoblems with 430
clauses and 100 variables in 1 hour. O

EXERCISE8.5 Implement a computer program able to solve the randowI3pEoblems with 430
clauses and 100 variables in 1 minute. O

EXERCISE8.6 () Implementa computer program able to solve the random 3Béblems with
430 clauses and 100 variables in 1 second. O

EXERCISE8.7 (k%) Implement a computer program able to solve the random 3{3ablems
with 430 clauses and 100 variables in 0.1 second. O

EXERCISE8.8 (See Examples 8.1 and 8.2.) Consider the set considtthg following clauses:

—poV p1V p2, poV P2, “poVpi, p1Vp2, —poV prVpa.
(1) Show how GSAT can find a model of this set starting with thigal random interpretation
{pO = 17]91 = 01p2 = 1}
(2) Answer the same question, but for WSAT instead of GSAT. O

EXERCISE8.9 Answer the same question as in Exercise 8.8 but for thexfimlg sets of clauses
and interpretations:

(1) ~p3V ps, —paV —p3, p3V ps, P2V p1, p2Vps, p1Vpeand
{p1 = 1,p2— 0,p3 — 1,ps — 1}.

(2) prVps, p3V—p1, paV P, “psV p1, paVpr,
—p2 V p4, —p2V pa, p3Vps, —psVpzand
{pl’_)lvp2’_>lap3'_>oap4’_)0}'

(3) =p1 V2, p1Vp3, p3Vpi, p1Vps, "p3VpsVp,
—p3 V —p2, p2Vpsa, p3V ps, p3Vpgand
{p1—0,p2 — 0,p3+— 0,ps — 0}. 0
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EXERCISE8.10 (See Example 8.2.) Consider the set consisting of flenving clauses:

DoV p1Vp2 poVp1VpeVpy —po V p1V Tp2 —poV p1V p2 V py
DoV p1Vps p3Vp2VpsV pg —p2 VP2 VpsVps —p2 V 7po V paV pg
PoVp3sV-psy poVop1rV-ope2V-ops TprVope Voops p1V p2 VvV p3V py
p1Vp2 P2V p3V pgVps —poV p2Vp3V ops poVp2Vpy

For each of the variables), p1, p2, p2, p4 find the probability that WSAT will choose this variable
for flipping

(1) when the currentinterpretation{gy — 0,p1 — 0, p2 — 0,p3 — 0, ps — 0}.

(2) when the currentinterpretation{gy — 1,p1 — 1,pa — 1,p3 — 1, psy — 1}. O

EXERCISE8.11 Answer the same question as in Exercise 8.10 but usiig @GfStead of WSAT.
O

EXERCISE8.12 Consider the set consisting of two following two clause

P pVg
Suppose that the initial random interpretatiofjis— 0, ¢ — 0} andk is a positive integer.

(1) What is the probability that GSAT will find a model of thistafter2k flips?
(2) What is the probability that WSAT will find a model of thistsafter2k flips? O

EXERCISE8.13 Do the same as in Exercise 8.12, but for the followingsato clauses:

pVgq —pV g 0
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