Assume a countable set of boolean variables.

Propositional formula:

> Every boolean variable is a formula, also called atomic formula,

or simply atom.
> [ nd _L are formulas.

> If Ay, ..., A, are formulas, where n > 2, then
(A A...ANA,)and (A1 V...V A,) are formulas.

> If A is aformula, then —A is a formula.

> If A and B are formulas, then (A — B) and (A < B) are
formulas.



Connectives

Connective Name Priority

I verum

1 falsum

— negation 4
A conjunction 3
V disjunction 3
— Implication 2
— equivalence 1




As usual, we will sometimes omit parenthesis in formulas and use

priorities to disambiguate them. For example,

-ANB—-CVD«— FE

IS parsed as

((mA) A B) — (CV D)) & E.



Semantics, Interpretation

> A boolean value, also called a truth value, is either 1 or 0.

> A (partial) interpretation for a set P of boolean variables: a
(partial) mapping [ : P — {1,0}.

> Interpretations are also called truth assignments.



Extend / to all formulas:

1. I(T)=1land I(L) =0.

2. I(Ay N...NA,) =1lifandonlyif [(A;) = 1 for all <.
3. [(A; V...V A, =1lifandonlyif [(A;) = 1 for some 1.
4, [(—~A) = lifandonlyif [(A) = 0.

5.1(A— B)=1ifandonlyif [(A) =0or I[(B) = 1.
6. [(A«< B)=1ifandonlyif I[(A) = [(B).



Operation tables

0

0
0

1

1




Satisfiability, validity

> If a formula A is true in I we say that / satisfies A and that [ is
a model of A, denoted by [ = A.

> A is satisfiable (valid) if it is true in some (every) interpretation.

> Two formulas A and B are called equivalent, denoted A = B if

they have the same models.



Examples

A — Aand AV —A are valid for all formulas A.
Evidently, every valid formula is also satisfiable.
A N = A is unsatisfiable.

Formula p is satisfiable but not valid.



For all formulas A and B, the following equivalences hold.

A— 1 = —A4;

T—-A = A;

A— B = —(AAN-B);
ANB = —(-AV-B);
AvB = -A— B.

(1)
(2)
(3)
(4)
(5)



1. A formula A is valid if and only if = A is unsatisfiable.
2. A formula A is satisfiable if and only if A is not valid.
3. Aformula A is valid if and only if A is equivalentto T.

4. Formulas A and B are equivalent if and only if the formula
A — Bis valid.
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We denote by A|B| a formula A with a fixed occurrence of a
subformula B. If we use this notation we can also write A| 5’| to

denote the formula obtained from A by replacing this occurrence of
B by B'.
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Equivalent replacement

Lemma Let [ be an interpretation and [ = A, <+ A,. Then
I £ B[A] — BlAs]

Theorem (Equivalent Replacement) Let A; = A,. Then Then
B[A] = B[As)].
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How to evaluate a formula?

Let’'s evaluate the formula

pP—=aNpAg—71)—=(p—T)

In the interpretation

{p—1,q—0,7r+— 1}
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Evaluating a formula. 1

formula

value

1| (p—a)ANpAhg—71)—=(p—T)
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Evaluating a formula. 2

formula

value

3lp—=qgN(pAg—T)

1| (p—a)NpAhg—71)—=(p—T)

p—r
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Evaluating a formula. 3

formula

value

oo H W N P

p—=a)ANpANg—1)—=(p—T)

Pp—=qNpAhg—r)

pP—dq

pANqg—T

p—r
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Evaluating a formula. 4

formula

value

~N~N o o B~ w NP

p—=a)ANpANg—1)—=(p—T)

p—=q@NpPAqg—T)
pPAG—T
p—q
pAg

p—r
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Evaluating a formula. 5

formula

value

~N~N o o B~ w NP

p—=a)ANpANg—1)—=(p—T)

p—=q@NpPAqg—T)
pPAG—T
p—q
pAg

p—r
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Evaluating a formula. 6

formula

value

© o0 N o o B~ w N P

p—=a)ANpANg—1)—=(p—T)

p—=q@NpPAqg—T)
pPAG—T
p—q
pAg

p—r
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Evaluating a formula. 7

formula

value

© o0 N o o B~ w N P

p—=a)ANpANg—1)—=(p—T)

Pp—=qNpAhg—r)

pAqg—T
pP—4q
PAq
p p
q q

p—r

20



Evaluating a formula. 8

formula value
1Ll p—=aANphg—1)—(—T)
2 p—7r
3| (p—=a)NPANg—T)
4 pANq—T
°o| pP—(q
6 pPAq
[ p p 1
8 q q 0
9 r r 1
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Evaluating a formula. 9

formula

value

© o0 N oo o B~ w N P

p—=a)ANpANg—1)—=(p—T)

Pp—=qNpAhg—r)

pAqg—T
pP—4q
PAq
p p
q q

p—r

_ O = O
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Evaluating a formula. 10

formula value

1l (p—=g)ANlpAhg—T1)—=(p—T)

2 p—7r

3| (p—=a)N(pAg—T)

4 pANq—T

5| p—q 0
6 pAq 0
7D p p 1
8 q q 0
9 r r 1
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Evaluating a formula. 11

formula value
o ApAg—r1)— (p—1)
2 pD—T
3|(p—=gN(Ng—T)
4 pANGg—T 1
5| p—q 0
6 pAq 0
7| D p p 1
8 q q 0
9 r r 1
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Evaluating a formula. 12

formula value
o ApAg—r1)— (p—1)
2 pD—T
3|(p—=gN(Ng—T) 0
4 pANGg—T 1
5| p—q 0
6 pAq 0
7| D p p 1
8 q q 0
9 r r 1
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Evaluating a formula. 13

formula value
1l (p—=g)ANlpAhg—T1)—=(p—T)
2 p—T 1
3| =) ANpANg—T) 0
4 pANGg—T 1
5| p—q 0
6 pAq 0
7| p p p 1
8 q q 0
9 r r 1

26



Evaluating a formula. 14

formula value
b= Alprg—r)—(p—7) | 1
2 p—T 1
3|(p—=gN(pNg—T) 0
4 pANGg—T 1
5| p—q 0
6 pAq 0
7| p p p 1
8 q q 0
9 r r 1
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