
Chapter 12

Propositional Logic of Finite
Domains

A googolplex is much larger than a googol, but is still finite,as the
inventor of the name was quick to point out. It was first suggested
that a googolplex should be 1, followed by writing zeros until you
got tired. This is a description of what would happen if one actually
tried to write a googolplex, but different people get tired at different
times and it would never do to have Carnera a better mathematician
than Dr Einstein, simply because he had more endurance. The
googolplex then, is a specific finite number, with so many zeros
after the 1 that the number of zeros is a googol. A googolplex is
much bigger than a googol, much bigger even than a googol times
a googol. A googol times a googol would be 1 with 200 zeros,
whereas a googolplex is 1 with a googol of zeros. You will get
some idea of the size of this very large but finite number from the
fact that there would not be enough room to write it, if you went
to the farthest star, touring all the nebulae and putting down zeros
every inch of the way.
Edward Kasner, James R. Newman. Mathematics and the Imagi-
nation. Penguin. 1940
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In this chapter we introducepropositional logic of finite domains(PLFD). This logic
is convenient for specifying properties of systems whose state can be described by values
of variables, so that every variable has a finite set of possible values. Propositional logic
can be regarded as a special case of PLFD in which every variable ranges over the set of
boolean values.

In Section 12.1 we define the syntax and semantics of PLFD. Theonly difference be-
tween the syntax of PLFD and propositional logic is the definition of atomic formulas.
To show the similarity of PLFD and propositional logic, in Section 12.2 we give model-
preserving translations between formulas of PLFD and propositional logic. Using this
translation one can, in principle, work with PLFD using propositional logic. For exam-
ple, to find a model of a PLFD formula, one can translate it intoa propositional formula
and search for models of the translated formula using any propositional logic method, such
as DPLL. However, one can also modify these methods to work directly with PLFD. We
illustrate this by defining a tableau system for PLFD in Section 12.3.

12.1 Syntax and Semantics

12.1.1 Motivation

Consider a microwave oven (I will actually use the one in my kitchen as an example). It has
severalmodes of operation, such as micro power, convection, grill, combination, defrost
etc., adoor that can open or closed, atemperature display, and atimer. It has several
buttons that can be used to control the operation of the microwave. It may be turned on or
off. More complex models may include more advanced features.

If you are a designer of such a system as this microwave oven, you should write a pro-
gram controlling its functioning. Your controlling program should satisfy some important
conditions, for example, if the door is open, then the mode should be idle. These condi-
tions may be related tosafetyof the device but also to other properties. To express these
conditions, we can use logic.

If we try to use propositional logic for modeling the microwave, we will soon find out
that it is not very natural. Consider, for example, the mode of operation. It has several
possible values (grill, idle etc.), so we should be able to express properties such as that the
mode is idle. If we introduce a boolean variableidle to express that the mode is idle and a
boolean variablegrill to express that the mode is grill, then these variables will turn out not
to be independent: indeed, in our modelidle andgrill cannot be true at the same time. But
propositional logic has interpretations in which bothidle andgrill are true, so we have to
add axioms like¬idle ∨ ¬grill to model the microwave adequately.

It seems more natural to have a logic in which we can express properties of the mi-
crowave more directly than by introducing many boolean variables to express every possi-
ble value for the mode. Of course we do not want to have exactlythe microwave logic, we
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CHAPTER 12. PROPOSITIONAL LOGIC OF FINITE DOMAINS 179

variable domain of values
mode {idle,micro, grill , defrost}
door {open , closed}
content {none , burger , pizza , cabbage}
user {nobody , student , veggie,mcdonald}
temperature {0, 150, 160, 170, 180, 190, 200, 210, 220, 230, 240, 250}

Figure 12.1: Variables and Domains

want to be able to describe formally various devices, from very simple ones like a vending
machine, to very complex ones like a Mars rover. What is common in such devices is that
their state can be characterized by values of a set ofvariables. For example,mode can be
considered a variable andidle a possible value for this variable. Another variable for the
microwave example isdoor whose possible values areopen andclosed .

Propositional logic of finite domains, or simply PLFD, is a logic in which atomic for-
mulas express properties of the form “a variablex has a valuev ”, written in the formx = v .
For example, we can writedoor = open → mode = idle to express the safety policy that
the microwave should not be functioning when the door is open.

The set of possible variables and values depend on what kind of property we would like
to express. For example, if we are mostly interested in how a microwave is functioning in
a departmental tea room, we may introduce variables denoting users, queue, and content of
the microwave.

In any case, before expressing properties of the microwave,we should fix a collection
of variables describing it and possible values for each variable. For example, Figure 12.1
shows a set of variables representing both the microwave, its users and the content.

12.1.2 Syntax

Propositional logic of finite domains, or simplyPLFD is, in fact, afamily of logics. Each
instance of this family uses a finite setX of variablesand a finite set ofdomains. Each
domain is a finite non-empty set. Elements of domains are called values. Each variable
x ∈ X has an associated domain, denoted bydom(x). We will say that the variablex
ranges overthe domaindom(x), or thatdom(x) is thedomain forx.

For example, we can regard the table of Figure 12.1 as representing an instance of
PLFD. The variables of this logic are shown in the left columnof the table, while the
domain for each variable is shown in the right column.

DEFINITION 12.1 (Formula)Formulasare defined inductively as follows.

(1) If x is a variable andv ∈ dom(x) is a value in the domain forx, thenx = v is a
formula, also calledatomic formula, or simplyatom.
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180 12.1 Syntax and Semantics

(2) Other formulas are build from atomic formulas as in propositional logic, see Defini-
tion 3.1, using the connectives⊤, ⊥, ∧, ∨, ¬, →, and↔. ❏

For example, assuming variables and domains as in Figure 12.1, the following is a formula
of PLFD:

mode = grill → door = closed ∧ ¬temperature = 0 ∧ ¬user = nobody .

The expressionuser = none is not a formula, sincenone is not a value in the domain for
user. When we would like to be specific about which instance of PLFDwe are dealing
with, we will write PLFD(X , dom) to refer to the instance with the set of variablesX and
domain functiondom .

12.1.3 Semantics

The semantics of PLFD is defined similar to that of propositional logic. We define a suitable
notion of interpretation and the meaning of atomic formulasin an interpretation. The mean-
ing of arbitrary formulas can then be defined from the meaningof atomic ones in exactly
the same way as in propositional logic.

DEFINITION 12.2 (Interpretation, Truth) Aninterpretation for a set of variablesX is a
mappingI from X to the set of values such that for allx ∈ X we haveI(x) ∈ dom(x).

We will now extend interpretations to mappings from formulas to boolean values. The
definition is by induction.

(1) I(x = v) = 1 if and only if I(x) = v.

(2) If F is not atomic, thenI(F ) is defined as in Definition 3.2 for propositional formu-
las.

The definitions oftruth, models, validity, satisfiability, andequivalenceare defined exactly
as in propositional logic. ❏

For example, given variables and their domains as in Figure 12.1, the following is an inter-
pretation:

{mode 7→ micro, door 7→ open , content 7→ burger ,

user 7→ veggie, temperature 7→ 0}.

The formula¬mode = idle → door = closed is false in this interpretation.
Note that the definitions of the syntax and semantics for PLFDare parametrizedby

the domain functiondom . That is, different domain functions give us different instances
of PLFD. Some of the properties of PLFD essentially depend onthe concrete instance.
For example, the formuladoor = open ∨ door = closed is valid in any logic in which
dom(door) = {open , closed} but not valid if the domain fordoor contains more than two
values.
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CHAPTER 12. PROPOSITIONAL LOGIC OF FINITE DOMAINS 181

12.2 PLFD and Propositional Logic

In this section show that propositional logic is, in fact, aninstance of PLFD. We also give a
model-preserving translation of PLFD into propositional logic.

12.2.1 Propositional Logic as an Instance of PLFD

Consider an instance of PLFD in which every variablepi ranges over the domain{0, 1}
of boolean values. Note that propositional logic and this instance of PLFD have the same
set of interpretations: interpretations in both logics mapvariables to boolean values. In
this section we will give amodel-preserving translationof propositional logic to PLFD.
This translation preserves models in the following sense: it translates any formulaF of
propositional logic into a formulaF ′ of PLFD such that for every interpretationI, we have
I � F in propositional logic if and only ifI � F ′ in PLFD.

This translation will be defined as amappingplfd from formulas of propositional logic
to formulas in this instance of PLFD as follows. For every propositional formulaF , the
formulaplfd(F ) is obtained fromF by replacing every propositional atomic formulap by
the PLFD atomic formulap = 1. For example, the formulaplfd(p → ¬q) is (p = 1) →
¬(q = 1)

THEOREM 12.3 FormulasF andplfd(F ) have the same models.

PROOF. We prove it in the case whenF is an atomic formulap, the proof for arbitrary formulas
carries over by straightforward induction. LetI be a mapping from variables to boolean values. In
propositional logic we haveI � p if and only if I(p) = 1. But in PLFD we haveI � (p = 1) if and
only if I(p) = 1. Therefore,I � p in propositional logic if and only ifI � (p = 1) in PLFD. ❏

12.2.2 Translation of PLFD to Propositional Logic

If we take an arbitrary instance of PLFD which has a non-boolean variable, then the set of
interpretations for this instance is different from the setof interpretations for propositional
logic with the same set of variables. In this case there is no model-preserving translation
between the two logics. Nonetheless, one can define a translation that preserves a suitable
mapping between models and use this translation for finding models and checking satisfia-
bility and other properties of PLFD formulas.

The idea of translation is to introduce boolean variables denoting atomic formulas
x = v. To this end, for every variablex and valuev ∈ dom(x) we use a boolean vari-
ablexv. After that, given a PLFD formulaF we can replace every atomx = v in F by
the propositional atomxv, obtaining a propositional formulaF ′. This transformation does
not directly preserve satisfiability. For example, for the microwave example the formula
mode = idle ∧ mode = micro is unsatisfiable, while the corresponding propositional for-
mulamodeidle ∧modemicro is satisfiable. The problem is that the propositional formula has
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182 12.2 PLFD and Propositional Logic

a model{modeidle 7→ 1,modemicro 7→ 1} that does not correspond to any PLFD interpre-
tation: indeed, in every such interpretation the variablemode has exactly one value.

To provide a meaningful translation, one has to add additional propositional formulas
which prevent unintended interpretations from becoming models. These formulas axioma-
tize properties of domains for variables, for example one can add the formula¬modeidle ∨
¬modemicro to exclude models in which bothmodeidle andmodemicro are true.

DEFINITION 12.4 (Domain Axiom) Letx be a variable anddom(x) = {v1, . . . , vn}.
Then thedomain axiomfor x is the propositional formula

(xv1
∨ . . . ∨ xvn

) ∧
∧

i<j

(¬xvi
∨ ¬xvj

). ❏

For instance, in the microwave example the domain axiom for the variablemode is

(modeidle ∨ modemicro ∨ modegrill ∨ modedefrost ) ∧
(¬modeidle ∨ ¬modemicro) ∧
(¬modeidle ∨ ¬modegrill) ∧
(¬modeidle ∨ ¬modedefrost ) ∧
(¬modemicro ∨ ¬modegrill) ∧
(¬modemicro ∨ ¬modedefrost ) ∧
(¬modegrill ∨ ¬modedefrost ).

The domain axiom for the variabletemperature is considerably longer and contains 144
occurrences of variables. The following lemma shows that the domain axiom indeed elimi-
nates the unintended models.

LEMMA 12.5 Letdom(x) = {v1, . . . , vn}. LetF be the domain axiom forx andI be an
interpretation defined on the set of boolean variablesX = {xv1

, . . . , xvn
}. ThenI � F if

and only if exactly one of the boolean variables inX is satisfied inI.

PROOF. It is easy to see that the models ofxv1
∨ . . .∨ xvn

are the interpretations satisfyingat least
one variable inX . The models of¬xvi

∨¬xvj
are the interpretations satisfyingat mostone variable

amongxvi
,¬xvj

. Therefore, the models of the domain axiom are the interpretations satisfying
exactlyone variable inX . ❏

Now we will define formally in what respect an interpretationfor PLFD corresponds to a
model of the domain axioms for this instance of PLFD. To this end we introduce a mapping
from interpretations for PLFD to propositional interpretations, denoted byprop. Given an
interpretationI for PLFD, defineprop(I) as follows:

prop(I)(xv) = 1
def
= I(x) = v.

In other words,xv is true inprop(I) if and only if the value ofx in I is v. We also define
a mapping from formulas of PLFD to propositional formulas, also denoted byprop, as
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CHAPTER 12. PROPOSITIONAL LOGIC OF FINITE DOMAINS 183

follows. Let F be a formula of PLFD with variablesx1, . . . , xn and F1, . . . , Fn be the
domain axioms forx1, . . . , xn. Let a propositional formulaF ′ be obtained fromF by
replacing every atom of the formx = v by the propositional atomxv. Thenprop(F ) is
defined to be the formulaF1 ∧ . . . ∧ Fn ∧ F ′.

THEOREM 12.6 LetF be a formula of PLFD. Then

(1) For every interpretationI, I � F if and only ifprop(I) � prop(F ).

(2) Each model ofprop(F ) has the formprop(I) for some interpretationI of PLFD.

PROOF. The first property is proved by induction onF . WhenF is an atomic formulax = v, the
claim is immediate by the definition ofprop(I). For non-atomic formulas the induction arguments
are straightforward.

Let us prove the second property. LetI ′ be a model ofprop(F ). Then it is also a model of the
domain axioms for all variables of the logic. Define an interpretationI of PLFD as follows. For

every variablex, let I(x)
def
= v, wherev is such that such thatI ′ � xv. By Lemma 12.5, for every

variablex the interpretationI ′ satisfies exactly one atom of the formxv, soI is well-defined. It is
not hard to argue thatprop(I) = I ′. ❏

The translations from propositional logic to PLFD and back allow to shift forth and
back between the two logics. PLFD is convenient forspecifyingor modelingsystems,
while propositional logic is simpler for defining reasoningalgorithms. Therefore, in the
future we will sometimes use PLFD for modeling systems but switch to propositional logic
when it comes to reasoning about their properties.

12.3 A Tableau System for PLFD

We are interested in checking satisfiability, validity, andequivalence for PLFD formulas.
This can be done by defining a suitable proof system for PLFD. In this section we will
define a tableau system for this logic which can obtained by extending the tableau proof
system for propositional logic to PLFD. To define the system,we will first introduce a
different kind of atomic formulas.

Let x be a variable andD ⊆ dom(x). Then we consider expressionsx ∈ D as atomic
formulas with the following straightforward semantics: for an interpretationI we have
I � x ∈ D if and only I(x) ∈ D. It is not hard to argue that any formulax = v is
equivalent to the formulax ∈ {v}, and any formulax ∈ {v1, . . . , vn} is equivalent to
x = v1 ∨ . . . ∨ x = vn, so the logics with atoms of the formx = a and atoms of the form
x ∈ D have the same expressive power.

The tableau system for PLFDoperates on signed formulas and uses the same branch
expansion rules as in the case of propositional logic, see Figure 9.2 on page 120. In addition
to these rules, it also uses several rules specific for the treatment of atomic formulasx ∈ D.
Before defining the new rules, let us use the following convention: a signed formula(x ∈
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184 12.3 A Tableau System for PLFD

x 6∈ D  x ∈ dom(x) \ D

x ∈ D1, x ∈ D2  x ∈ D1 ∩ D2

Figure 12.2: Additional tableau rules for PLFD

D) = 1 will simply be denoted byx ∈ D, likewise, a signed formula(x ∈ D) = 0 will be
denoted byx 6∈ D.

The additional tableau rules are given in Figure 12.2. Note that the second rule requires
two formulasx ∈ D1 andx ∈ D2 to be on the same branch.

A branch in a tableau is calledclosed if it contains a signed formula of one of the
following kinds:⊤ = 0, ⊥ = 1, or x ∈ {}.

EXAMPLE 12.7 Let us show that the following formulaF is valid in the PLFD with vari-
ables and domains as in Figure 12.1:

((user = mcdonald → content = none ∨ content = burger) ∧
(user = veggie → content = none ∨ content = cabbage) ∧
(user = nobody → content = none)) →
(content = pizza → user = student).

To this end we show that the signed formulaF = 0 is unsatisfiable. To apply the tableau
algorithm for this signed formula we replace all atoms of theform x = v by atomsx ∈ {v}
and then try to build a tableau for it. A part of a semantic tableau for this signed formula is
shown in Figure 12.3. All branches of the full tableau are closed, hence the signed formula
F = 0 is unsatisfiable, soF is valid. ❏

THEOREM 12.8 (Soundness and Completeness)Let T be a tableau resulting from a ter-
minated game for a signed formulaγ. Thenγ is satisfiable if and only if all branches inT
are closed.

PROOF. We will use the arguments used in the proof of Theorem 9.17. Namely, we prove that every
tableau inference is invertible and that a tableau to which no rule is applicable is satisfiable if and
only if it is non-empty.

Invertibility of the tableau rules used in propositional logic is established in Lemma 9.16, so it is
enough to establish invertibility of the rules of Figure 12.2 and the branch closure rules. Invertibility
of all of these rules is obvious, for example, it is obvious that I � x ∈ D1 andI � x ∈ D2 if and
only if I � x ∈ D1 ∩ D2.

It remains to prove that a non-empty tableau to which no rule is applicable is satisfiable. Take
any such tableau and consider any branchB in it. It is not hard to argue that the branch has the form

{x1 ∈ D1, . . . , xn ∈ Dn},
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CHAPTER 12. PROPOSITIONAL LOGIC OF FINITE DOMAINS 185

(((user ∈ {mcdonald} → content ∈ {none} ∨ content ∈ {burger}) ∧
(user ∈ {veggie} → content ∈ {none} ∨ content ∈ {cabbage}) ∧
(user ∈ {nobody} → content ∈ {none})) →
(content ∈ {pizza} → user ∈ {student})) = 0

(a)

((user ∈ {mcdonald} → content ∈ {none} ∨ content ∈ {burger}) ∧
(user ∈ {veggie} → content ∈ {none} ∨ content ∈ {cabbage}) ∧
(user ∈ {nobody} → content ∈ {none})) = 1

(b)

a

(content ∈ {pizza} → user ∈ {student}) = 0 (c)

(user ∈ {mcdonald} → content ∈ {none} ∨ content ∈ {burger}) = 1 (d)

(user ∈ {veggie} → content ∈ {none} ∨ content ∈ {cabbage}) = 1 (e)

(user ∈ {nobody} → content ∈ {none}) = 1 (f)

b

content ∈ {pizza} (g)

user 6∈ {student} (h)

c

user ∈ {nobody, veggie,mcdonald} (i)

h

user 6∈ {nobody} (k)

f

content ∈ {none}(j)

content ∈ {}(l)

g,j

closed

user ∈ {student , veggie,mcdonald} (m)

k

user ∈ {veggie,mcdonald} (n)

i,m

user 6∈ {veggie}(o) (content ∈ {none} ∨ content ∈ {cabbage}) = 1 (p)

e

user ∈ {nobody, student ,mcdonald}(q)

o

user ∈ {mcdonald}(r)

n,q

· · ·

content ∈ {none} (s) content ∈ {cabbage} (t)

p

content ∈ {} (u)

g,s

closed

content ∈ {} (v)

g,t

closed

Figure 12.3: Part of a semantic tableau for the formula of Example 12.7.
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wherex1, . . . , xn are distinct variables andD1, . . . , Dn are non-empty sets, moreoverDi ∈ dom(xi)

for all i. Since allDi are non-empty, there exists an interpretationI such thatI(xi) = vi for all i. It
is not hard to argue thatI is a model of this branch. ❏

The proof of this theorem shows how one can extract models from an open branch of a
tableau. For every variablex, if the branch contains a signed formulax ∈ D to which no
rule has been applied, then we can assign tox any value inD. If the branch contains no
such formula, then we can assign tox any value in its domain. We will illustrate this in
Example 12.9 below.

12.4 Using Boolean Variables in PLFD

When some variablex is boolean, that is, has the domain{0, 1} using the PLFD atomic
formulasx = 0 andx = 1 for it may lead to unnecessarily complex formulas. To use
boolean variables in PLFD one can adopt the following syntactic convention: ifx is a
boolean variable, we will use the propositional logic syntax for this variable. Namely, will
usex as an atomic formula and writex instead ofx = 1 and¬x instead ofx = 0. For
instance, if we change the variabledoor in the microwave example by a boolean variable
door open with an obvious meaning, then instead of

mode = grill → door open = false ∧ ¬temperature = 0 ∧ ¬user = nobody .

we will write

mode = grill → ¬door open ∧ ¬temperature = 0 ∧ ¬user = nobody .

This convention is especially convenient when there are many boolean variables and only
few non-boolean ones, as it is often the case in applications. We can also modify the tableau
system for PLFD to use boolean variables in the same way as they are used in the tableau
system for propositional logic. That is, we use atomic formulas x ∈ D for every non-
boolean variablex and atomic formulasx for every boolean variablex. A tableau branch
is closed in one of the following three cases:

(1) it contains the signed formula⊤ = 0 or⊥ = 1;

(2) it contains the signed formulax ∈ {} for a non-boolean variablex;

(3) it contains signed formulasx = 0 andx = 1 for a boolean variablex.

Let us demonstrate such a mixed tableau by a small but practical example.

EXAMPLE 12.9 There have been a lot of discussion whether a recent war was justified. A
textbook on computational logic is hardly an appropriate place for expressing an opinion on
this complex issue. However, we can investigate the arguments used for justification from
a logical viewpoint. The question we ask is whether it is possible to start a war against a
country that is not guilty. We will use the following variables:
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CHAPTER 12. PROPOSITIONAL LOGIC OF FINITE DOMAINS 187

(1) war: one can start a war;

(2) guilty: the country is guilty;

(3) has: the country has weapons of mass destruction.

As far as the author could understand, the following arguments were used for the justifica-
tion. First, if a country has weapons of mass destruction, then it is guilty. Second, to start
a war against the country one has to have a very good reason, possessing weapons of mass
destruction is such a reason. This gives us two formulas:

has → guilty,

war → has.

If we would like to check whether, under the above assumptions, it is possible that a war
started against a country that is not guilty, then the answerin “no”. Indeed, the set of
formulas

has → guilty,

war → has,

war,

¬guilty

is unsatisfiable.
Let us consider a slightly different situation, when the domain for the variablehas con-

sists of the valuesyes, no, and a third value, for example,suspected . We can reformulate
our assumptions in the following way

has = yes → guilty,

war → ¬(has = no).

In other words, if a country has weapons of mass destruction,then it is guilty, and to start
a war we have to be sure that it is impossible that the country has no weapons of mass
destruction.

If we ask now whether it is a possible that a war started against a country that is not
guilty, then the answer is “yes”. Indeed, the set of formulas

has = yes → guilty,

war → ¬(has = no),
war,

¬guilty

is satisfiable.
To find a model of this set, we build a semantic tableaux, see Figure 12.4. This tableau

has an open branch, which gives us the only model of this set offormulas:
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188 12.4 Using Boolean Variables in PLFD

(has ∈ {yes} → guilty) = 1

(war → ¬(has ∈ {no})) = 1

war = 1
(¬guilty) = 1

(a)
(b)

(c)

guilty = 0

c

has 6∈ {yes} guilty = 1

a

closed

(d)

has ∈ {no, suspected}

d

(e)

war = 0 (¬(has ∈ {no})) = 1

b

closed

(f)

has 6∈ {no}

f

(g)

has ∈ {yes , suspected}

g

(h)

has ∈ {suspected}

e,h

Figure 12.4: A semantic tableau for PLFD with boolean variables

{war 7→ 1, guilty 7→ 0, has 7→ suspected},

that is, it is possible that the war started, the country is not guilty but suspected to have
weapons of mass destruction. ❏

Exercises

EXERCISE 12.1 Complete the tableau of Figure 12.3. ❏

EXERCISE 12.2 Write down the domain axiom for the variableuser in the microwave example.❏
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CHAPTER 12. PROPOSITIONAL LOGIC OF FINITE DOMAINS 189

EXERCISE 12.3 Is the domain axiom a formula in CNF or not? ❏

EXERCISE 12.4 What is the size (measured as the number of occurrences of variables) of the do-
main axiom for a variable whose domain contains 1000 values? ❏

EXERCISE 12.5 Take the domain axiom for a variable whose domain contains 1000 values and
transform into CNF using the standard CNF transformation. What is the number of clauses in the
resulting CNF? ❏

EXERCISE 12.6 Letm, n be positive integers andm < n. Express in propositional logic the
following property: exactlym variables amongx1, . . . , xn are true. ❏

EXERCISE 12.7 Show, using the tableau method, that the formula

¬((¬content = burger ∧ ¬content = pizza) → content = cabbage ∨ content = none)

is unsatisfiable in the logic for the microwave example. ❏

EXERCISE 12.8 Find, using the tableau method, a model of the formula

¬((¬content = burger ∧ ¬content = pizza) → content = none). ❏

EXERCISE 12.9 What is the number of different models of the formula¬content = none in the
logic for the microwave example? ❏

EXERCISE 12.10 Consider a formulax ∈ D used in semantic tableaux.

(1) For whichD is x ∈ D a tautology?

(2) For whichD is x ∈ D unsatisfiable? ❏

EXERCISE 12.11 Transform the propositional formulap1 → (p2 ∧ p3) into PLFD. ❏

EXERCISE 12.12 Transform each of the following formulas of PLFD for the microwave example
into propositional logic:

¬mode = defrost ;
user = nobody → mode = idle . ❏

EXERCISE 12.13 Letx be a variable with the domain{u, v, w} andp be a boolean variable. Trans-
form the following formula of PLFD into a propositional formula:

¬x = v → x = u ∧ p = 0.
❏

EXERCISE 12.14 Show that the formulasdoor = closed → mode = micro and¬mode = idle →
¬door = closed are not equivalent in the PLFD for the microwave example by finding an interpre-
tation in which they have different truth values. ❏
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190 12.4 Using Boolean Variables in PLFD

EXERCISE 12.15 Letx be a variable with the domain{a, b, c} andp be a boolean variable. Show,
using the tableau method, that the following formula is unsatisfiable.

¬((p → ¬x = a) → x = b ∨ x = c ∨ ¬p). ❏

EXERCISE 12.16 Take Exercise 12.15 but assume that the domain forx is {a, b, c, d}. Find, using
the tableau method, a model of the formula of that exercise. ❏
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Chapter 14

Linear Temporal Logic LTL

What then is time? If no one asks me, I know: if I wish to explain
it to one that asketh, I know not.
St. Augustine’s Confessions

A good deal of work in the philosophy of time has been produced
by people worried about Fatalism, which can be understood asthe
thesis that whatever will happen in the future is already unavoid-
able (where to say that an event is unavoidable is to say that no
human is able to prevent it from occurring).
Stanford Encyclopedia of Philosophy
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In this chapter we define a logic that can be used for expressing temporal properties of
concurrent systems. This logic extends propositional logic by severaltemporal operators.
Such logics are generally known astemporal logics. There are several temporal logics used
in model checkers, each one has its own collection of temporal operators. In Chapter 16 we
will consider two other temporal logics:CTL∗ andCTL.

14.1 Computation Trees

The set of all possible behaviors of a transition system or a transition system can be defined
through a notion ofcomputation tree.
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210 14.1 Computation Trees

DEFINITION 14.1 (Computation Tree, Computation) LetS = (S, In , T,X , dom , L) be a
transition system ands ∈ S be a state. Thecomputation tree forS starting ats is the
following (possibly infinite) tree.

(1) The nodes of the tree are labeled by states inS.

(2) The root of the tree is labeled bys.

(3) For every nodes′ in the tree, its children are exactly such nodess′′ ∈ S that(s′, s′′) ∈
T .

A computation pathfor S is a sequence of nodess0, s1, . . . such that

(1) for all i we have(si, si+1) ∈ T ;

(2) if the sequence is finite, i.e., it has the forms1, . . . , sn, then there exists no states
such that(sn, s) ∈ T . ❏

In other words, a computation path is any maximal sequence ofstates through which a
computation may go by applying the transitions.

It is not hard to argue that computation trees and paths have the following properties.

(1) Computation paths for a transition system are exactly all branches in the computation
trees for this transition system.

(2) Let n be a node in a computation treeC for S labeled bys′. Then the subtree ofC
rooted ats′ is the computation tree forS starting ats′. In other words, every subtree
of a computation tree rooted at some node is itself a computation tree.

(3) For every transition systemS and states there exists a unique computation tree forS

starting ats, up to the order of children.

For example, a part of a computation tree for the transition system of Example 13.3
is given in Figure 14.1 on the next page. Likewise, a part of a computation tree for the
transition system of Example 13.5 is given in Figure 14.2 on page 212. In the latter figure
we label the arcs of the computation tree by the names of the corresponding transitions. The
trees can be obtained by “unwinding” the corresponding state transition graphs (see, e.g.,
Figure 13.2 on page 200).

One can note that the computation tree is a convenient objectfor discussing possible
temporal behaviors of the transition system, since assertions about possible temporal be-
haviors can be conveniently formulated as properties of paths in the tree and states on these
paths. Consider, for instance, two examples of temporal properties of the vending machine
transition system:

(1) There is no state in which a professor and a student are both customers.
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CHAPTER 14. LINEAR TEMPORAL LOGIC LTL 211

xs1:

xs1: s2:

xs1: s2:

xs1: s2:

xs1:

xs1:

Figure 14.1: Computation tree for Example 13.3.

(2) Students never drink coffee.

To express the first property, we can say that atall states in the treewe havecustomer 6=
student ∨ customer 6= prof . Or, alternatively, we can say that forevery pathin the tree and
every node on this pathwe havecustomer 6= student ∨ customer 6= prof .

The second property can be reformulated in terms of paths andstates as follows:for
every pathin the tree andtwo consecutive statess1, s2 on this path, ifs1 � customer =
student ∧ disp = coffee, thens2 � disp = coffee.

14.2 LTL

In this section we introduce a logic in which one express properties of paths in a compu-
tation tree. In particular, properties such as “for some state on the path” or “for every two
consecutive states” can be expressed. This logic is calledlinear temporal logic, or simply
LTL

DEFINITION 14.2 (Formula ofLTL) The notion of anLTL formula is defined inductively
as follows.

(1) ⊤ and⊥ are formulas.

(2) Every atomic formulax = v of PLFD is an (atomic) formula ofLTL.

(3) If A1, . . . , An are formulas, wheren ≥ 2, then(A1 ∧ . . .∧An) and(A1 ∨ . . . ∨An)
are formulas.

(4) If A is a formula, then¬A is a formula.

(5) If A andB are formulas, then(A → B) and(A ↔ B) are formulas.

Time 11:26 draft June 8, 2009



21
2

14
.2

L
T

L

coins = 0

customer
coins = 0

Customer arrives

coins = 0

Customer leaves

· · · · · ·

customer
coins = 1

Coin put

coins = 1

Customer leaves

· · · · · ·

customer
coins = 2

Coin put

· · · · · ·

coins = 0

storage

Recharge

coins = 0

storage

Recharge

· · ·· · ·

customer
coins = 0

storage

Customer arrives

coins = 0

storage

Customer leaves

· · · · · ·

customer
coins = 1

storage

Coin put

customer
coins = 0
dispenser
storage

Dispense coffee

· · · · · ·

customer
coins = 0
dispenser

Dispense coffee

· · · · · ·

coins = 1

storage

Customer leaves

· · · · · ·

customer
coins = 2

storage

Coin put

· · · · · ·

Figure 14.2: A computation tree for the transition system ofExample 13.5

Ju
n

e
8

,2
0

0
9

d
ra

ft
T

im
e

1
1

:2
6



CHAPTER 14. LINEAR TEMPORAL LOGIC LTL 213

Connective Name Priority
⊤ verum
⊥ falsum
¬ negation 0
h next 0

always 0
♦ eventually 0
U until 1
R release 1
∧ conjunction 2
∨ disjunction 2
→ implication 3
↔ equivalence 4

Figure 14.3: Connectives and Temporal Operators

(6) If A is a formula, then hA, ♦A, and A are formulas.

(7) If A andB are formulas, thenAUB andARB are formulas.

The symbols h,♦, ,U,R are calledtemporal operators. ❏

Sometimes we will simply refer to the formulas ofLTL (and formulas ofCTL∗ introduced
in Chapter 16) astemporal formulas.

The connectives and temporal operators ofLTL are summarised in the table of Fig-
ure 14.3. We will omit parentheses in theLTL formulas according to thepriorities given in
this table: horizontal lines divide connectives and operators with different priorities.

Before we define the semantics ofLTL formulas formally, let us try to explain their
meaning informally. The formulas ofLTL are true or false of computation paths, that is,
sequences of statess0, s1, . . .. The formula A means thatA is true atall states along the
path. The formula♦A means thatA is true atsomestate on the path. The formulahA

means thatA is true at thenextstate after the initial one, that is, ats1. The formulasAUB

andARB are slightly more complex and will be explained below.

DEFINITION 14.3 (Semantics ofLTL) Let π = s0, s1, s2 . . . be a sequence of states and
A be anLTL formula. We define the notionA is true onπ, denoted byπ � A, by induction
on A as follows. For alli = 0, 1, . . . denote byπi the sequence of statessi, si+1, si+2 . . .

(note thatπ0 = π).

(1) π � ⊤ andπ 2 ⊥.

(2) π � x = v if s0 � x = v.
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214 14.2 LTL

hA

♦A

A

AUB

ARB

A · · ·

· · · A · · ·

A A · · · A A A · · ·

A A · · · A B · · ·

B B · · · B B B · · · or

B B · · · B AB · · ·

Figure 14.4: Semantics of temporal operators

(3) π � A1 ∧ . . . ∧ An if for all j = 1, . . . , n we haveπ � Aj ;
π � A1 ∨ . . . ∨ An if for somej = 1, . . . , n we haveπ � Aj .

(4) π � ¬A if π 2 A.

(5) π � A → B if eitherπ 2 A or π � B;
π � A ↔ B if either bothπ 2 A andπ 2 B or bothπ � A andπ � B.

(6) π � hA if π1 � A;
π � ♦A if for somei = 0, 1, . . . we haveπi � A;
π � A if for all i = 0, 1, . . . we haveπi � A.

(7) π � AUB if for somek = 0, 1, . . . we havepk � B andp0 � A, . . . , pk−1 � A;
π � ARB if for all k ≥ 0, eitherπk � B or there existsj < k such thatπj � A. ❏

Two LTL formulasA andB are calledequivalent, denotedA ≡ B, if for every pathπ we
haveπ � A if and only if π � B. ❏

When we consider a pathπ and pathsπi as in this definition, instead of saying that a
temporal formulaA is true onπi we will sometimes say thatA is true at the statesi on the
pathπ.

The semantics of the temporal operators ofLTL is illustrated in Figure 14.4. Less for-
mally, it can be explained as follows (we write in parentheses the name of the corresponding
temporal operator).

h (next) The formula hA holds, ifA holds at the next state on the path.
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CHAPTER 14. LINEAR TEMPORAL LOGIC LTL 215

♦ (eventually) The formula♦A holds, if A eventually occurs, i.e.,A holds at some
state on the path.

(always) The formula A holds, if A holds globally, i.e., at every state along the
path.

U (until) The formulaAUB holds, if A holds untilB occurs, i.e., there is a state on
the path at whichB holds, and at every state beforeA holds.

R (release) The formulaARB holds, if, whenever¬B occurs at a state on the path,
A occurs before. Or equivalently, eitherB holds globally on the path, orA occurs
before the first state at whichB is violated.

14.3 Expressing Properties of Transition Systems inLTL

The formulas ofLTL express properties of paths in computation trees, hence they are rele-
vant to temporal properties of transition systems or transition systems. But we know that the
set of all possible behaviors of a transition system is identified by its computation tree, so
what is the meaning of these formulas when we discuss properties of transition systems? A
computation tree for a transition systemS can be identified with the collection of its paths.
We know that these paths describe all possible computationsof this transition system. So if
we have anLTL formulaA, we can consider at least two kinds of properties ofS:

(1) doesA hold onsomecomputation path forS from an initial state?

(2) doesA hold onall computation paths forS from an initial state?

The two properties are dual to each other. It is not hard to argue thatA holds on some
computation path if and only if it is not true that¬A holds on all computation paths. Vice
versa,A holds on all computation paths if and only if it is not true that ¬A holds on some
computation path. This means that, if we can express one of the properties, we can also
express the other one. For this reason, we will sometimes refer to temporal formulas as
expressing properties of transition systems. In such caseswe will try to be careful enough
to explain which of the two properties we have in mind.

Reachability and safety properties. A state is calledreachableif there is a computation
path from an initial state leading to this state. Reachability is one of the most important
properties of transition systems in connection withsafety properties. Suppose thatunsafe

is a formula which expresses an undesirable property of a transition system. States satisfy-
ing unsafe are usually calledunsafeor bad. Then the system issafeif one cannot reach a
state at whichunsafe holds. Naturally, we would like to know whether the system issafe.
Reachability of a state satisfyingunsafe can be expressed as the existence of a path satis-
fying ♦unsafe. Then safety of the system can be expressed as non-reachability of a state
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216 14.3 Expressing Properties of Transition Systems inLTL

satisfyingunsafe, i.e., the property ¬unsafe. Naturally, this property must be held onall
computation paths.

A vending machine is not an especially dangerous device, so it is not easy to invent
interesting safety properties for it. One possible exampleof an unsafe behavior would
be serving beer to a professor, which can be expressed by the formula disp = beer ∧
customer = prof . Thus, the corresponding safety property is

(disp 6= beer ∨ customer 6= prof ).

Another natural example of a safety property for the vendingmachine transition system is
that the machine is never empty, i.e., there is always eithercoffee or beer in the storage. It
can be expressed by the following formula:

(st coffee ∨ st beer).

A bit more complex example is this: whenever there is a customer, the machine has a drink.
It can be expressed by the following formula:

(customer 6= none → st coffee ∨ st beer).

Mutual exclusion. Mutual exclusionis usually formulated as a property of concurrent
systems. It arises when two or more processes are not allowedto enter the samecriti-
cal sectionof a concurrent system simultaneously. Assuming that thereare two processes
P1, P2, and that formulascriticali, wherei = 1, 2 denote thatPi is in the critical section,
mutual exclusion can be expressed by

¬(critical1 ∧ critical2).

Some natural mutual exclusion properties for the vending machine example are the follow-
ing. First, coffee and beer cannot be in the dispenser simultaneously:

¬(disp = coffee ∧ disp = beer).

Likewise, we may want to express that a professor and a student cannot be customers at the
same time:

¬(customer = student ∧ customer = prof ),

Deadlock. Speaking very generally, a concurrent program is in adeadlocksituation, when
no terminal state is reached, yet no part of the program is able to proceed. A transition
system or transition system is said to bedeadlock-freeif no computation in it leads to a
deadlock. Assuming that the set of terminal states is represented by a temporal formula
terminal, we can express deadlock-freedom by the formula
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( h⊥ → terminal).

This formula must be true on every path. Indeed, it is easy to see that the formulah⊥
means “there is no next state”, that is, no transition is possible. Likewise, we can express
reachability of a deadlock state as the existence of a state with the dual property

♦( h⊥ ∧ ¬terminal).

Termination and finiteness. Even if we do not have a notion of a terminal state, one can
defineterminal statesas those from which no transition is possible. We know that a terminal
state can be represented by the formulah⊥. A transition system or transition system is
called terminating, if every computation in it leads to a terminal state. Termination for a
transition system is equivalent to the finiteness of all computation paths, which by König’s
Lemma is equivalent to the finiteness of every computation tree from an initial state. But a
computation path is finite if and only if it contains a deadlock state. Therefore, the following
formula expresses that the computation tree is finite:♦ h⊥ (provided that this formula
holds on every path).

Fairness. Usually, we are not interested in arbitrary computations ofa transition system,
as we know that some computations are impossible. For example, we know that the vending
machine must be recharged from time to time. This can be formulated as follows: on
every computation path, the recharge transaction occurs infinitely many times. This kind of
constraints imposed on the system: the system must from timeto time pass through a state
which satisfies some property, is called afairness constraint, and computations satisfying
fairness constraints are calledfair. For the vending machine example, one can impose
many natural fairness constraints. For example, we may require that the dispenser contains
a drink infinitely often, that students are customers infinitely often etc. Fairness w.r.t. a
property expressed by a formulaA means thatA holds infinitely often on all paths.

We claim that fairness w.r.t.A can be expressed by the following formula:♦A. To
this end, take any pathπ = s0, s1, . . .. Denote byπj for j = 0, 1, . . . the pathsj, sj+1, . . ..
Let us prove the following property: for everyj = 0, 1, . . . there existsk > j such that
πk � A. Indeed, sinceπ � ♦A, we also haveπj+1 � ♦A. But this means that there
existsk ≥ j + 1 such thatpk � A. Evidently,k > j, so we are done. By this property,
there existsj0 > 0 such thatπj0 � A. Again by this property, there exists alsoj1 > j0 such
thatπj1 � A. By using this argument again and again we can build an infinite sequence of
numbersj0 < j1 < j2 < . . . such thatπjm

� A for all m, soA occurs infinitely often on
the pathπ.

In the proof that ♦A expresses thatA holds infinitely often we assumed that the path
is infinite. When the pathπ is finite, it is not hard to argue that this property implies that
A holds at the last state ofπ. We can ensure that the path is infinite by assertingh1.
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218 14.3 Expressing Properties of Transition Systems inLTL

Likewise, the property h♦A expresses thatA holds infinitely often and the path is
infinite.

Responsiveness. It is often the case in concurrent systems that one process sends requests
that have to be acknowledged (or responded to) by other processes. For such systems we
are interested in theresponsivenessproperty: whether every request is eventually acknowl-
edged. Assuming that the request is expressed by a formularequest and acknowledgement
by a formulaack, one can express responsiveness by the formula

(request → h♦ack).

If we also want thatrequest should remain true until it is acknowledged, responsiveness
can be expressed by the formula

(request → (request U ack)).

We can also require that the request formula and the acknowledgement formula be mu-
tually exclusive, i.e.,request should remain true until it is acknowledged, after which it
immediately becomes false. This can be expressed by the formula

(request → ((request ∧ ¬ack)U (¬request ∧ ack))).

Alternation. To give the reader an idea of other properties expressible inLTL, consider
the following example. Letπ = s0, s1, s2, . . . be a path. We claim that the formulaA ∧

(A ↔ ¬ hA) expresses the following property:A is true at the even statess0, s2, s4, . . .

and false at the odd statess1, s3, s5 on this path, as illustrated in the following picture:

A ¬A A ¬A A ¬A A · · ·

We will denote subpaths ofπ by π0, π1, . . . as before. Indeed, we haveπ0 � (A ↔
¬ hA), which implies that for alli, πi � A if and only if πi+1 � ¬A. Therefore, the value
of A changes from any state to the next state, and soA is either true exactly at all even
states or exactly at all odd states. Byπ � A means thatπ0 � A, soA is true at the even
states.

Interestingly enough, the property “A is true at the even states” is not expressible by an
LTL formula. This property can be illustrated by the following picture:

A ? A ? A ? A · · ·
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where “?” means that the value ofA can be either0 or 1. It may seem that this property
is expressed by the formulaA ∧ (A → h hA). On the one hand, this formula implies
thatA is true at every even state. On the other hand, this formula isfalse on the following
path, on whichA is true at every even state:

A A A ¬A A A · · ·

14.4 Equivalences of Temporal Formulas

In this section we will consider several equivalences between temporal formulas. Studying
these equivalences will help us to understand theLTL operators.

Unwinding properties. These equivalences relate the value of a formula at a state toits
value at the next state.

♦A ≡ A ∨ h♦A;
A ≡ A ∧ h A;

AUB ≡ B ∨ (A ∧ hAUB);
ARB ≡ B ∧ (A ∨ hARB).

These equivalences are immediate, see Figure 14.4.

Negation of temporal operators. These equivalences express the negations of temporal
operators in terms of other operators. They show that there is a duality between♦ and
and a duality betweenU andR.

¬ hA ≡ h¬A;
¬♦A ≡ ¬A;

¬ A ≡ ♦¬A;
¬(AUB) ≡ ¬AR¬B;
¬(ARB) ≡ ¬AU¬B.

Expressing operators throughU. Operators♦, , andR can be expressed throughU

as follows.

♦A ≡ ⊤UA;
A ≡ ¬(⊤U¬A);

ARB ≡ ¬(¬AU¬B).

This shows thatLTL without the operators♦, ,R has the same expressive power asLTL.
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Exercises

EXERCISE 14.1 Formalize the following statements about the vending machine example inLTL.

(1) If the beer storage becomes empty, it gets recharged immediately.

(2) The beer storage becomes empty infinitely many times.

(3) The recharge transaction occurs infinitely often.

(4) Students never leave without a drink.

(5) Professors sometimes leave with a drink left in the dispenser.

(6) If a student forgets a coin in the coin slot, she (or another student) will use this coin to get a
drink before any professor can do this.

(7) If a professor forgets coins or drink at the machine, there immediately will be a student who
will come to the machine.

(8) If, when a professor arrives, there is a coin in the coin slot, then he leaves without getting a
drink.

(9) If a professor is currently at the machine, there will be no student at the machine for at least
the next three transitions. ❏

EXERCISE 14.2 Express inLTL the following properties (we assume a paths0, s1, . . .).

(1) If A occurs at least twice, thenA occurs infinitely often.

(2) A holds at all statess3k and does not hold at all statess3k+1, s3k+2, wherek = 0, 1, . . ..

(3) If A holds at a statesi, thenB must holds at at least one of the two states just beforesi, that
is si−1 andsi−2.

(4) A never holds at less than two consecutive states (that is, ifA holds at a statesi, it also holds
either at the statesi+1 or at the statesi−1). ❏

EXERCISE 14.3 What are the properties expressed by the followingLTL formulas?

(1) ♦ A.

(2) (A → gA).

(3) ¬AU A.

(4) AU¬A.

(5) ♦A ∧ (A → gA). ❏

EXERCISE 14.4 Find two different formulas from Exercise 14.3 that areequivalent to each other.
❏

EXERCISE 14.5 Show that the following formulas are not equivalent by giving a path that satisfies
one of them but does not satisfy the other one:
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(1) ♦ A and (A → gA);

(2) ♦ A and¬AU A;

(3) (A → gA) and¬AU A. ❏

EXERCISE 14.6 Which of the formulas of Exercise 14.1 hold on every computation path from the
initial state for the vending machine example? Which of themhold on some computation paths?❏

EXERCISE 14.7 Consider a transition system with the following state transition graph.

x = 1

y = 0

x = 0

y = 1

x = 0

y = 0

Which of the following formulas are true on all paths?

(1) (x = 0 ∨ y = 0);

(2) ♦(y = 0);

(3) ♦(y = 1);

(4) (x = 1 → ♦y = 1).

Explain your answer. ❏

EXERCISE 14.8 For the transition system of Exercise 14.7, answer the following questions.

(1) Does the formulax = 1 symbolically represent the set of initial states?

(2) Find a symbolic representation of the transition relation.

❏

EXERCISE 14.9 Let the formulax symbolically represent the set of initial states and the formula
x ↔ ¬x′ the transition relation of a transition systemS over{x}.

(1) Draw the state transition graph ofS.

(2) Draw a path forS.

(3) Which of the following formulas are true along all paths in S?

(a) (x ↔ g¬x);

(b) (x ↔ g g¬x);
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(c) (x ↔ g gx). ❏

EXERCISE 14.10 Let the formulax ∧ y symbolically represent the set of initial states and the
formula(x′ ↔ ¬x) ∧ (y′ ↔ (x ↔ y)) the transition relation of a transition systemS over{x}.

(1) Draw the state transition graph ofS.

(2) Draw a path forS.

(3) Which of the following formulas are true along all paths in S?

(a) (x ↔ g¬x);

(b) (x ↔ g gx);

(c) (y ↔ g g¬y).

(4) Show that for every formulaF the formula (F ↔ g g g gF ) holds along all paths in
S. ❏
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